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Abstract

We study learning on social media with an equilibrium model of users interacting with shared
news stories. Rational users arrive sequentially, observe an original story (i.e., a private signal)
and a sample of predecessors’ stories in a news feed, and then decide which stories to share.
The observed sample of stories depends on what predecessors share as well as the sampling
algorithm generating news feeds. We focus on how often this algorithm selects more viral
(i.e., widely shared) stories. Showing users viral stories can increase information aggregation,
but it can also generate steady states where most shared stories are wrong. These misleading
steady states self-perpetuate, as users who observe wrong stories develop wrong beliefs, and
thus rationally continue to share them. Finally, we describe several consequences for platform
design and robustness.
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1 Introduction

In recent years, viral content on social-media platforms has become a major source of news and
information for many people. What content users consume often depends on the news feeds created
by platforms like X, Facebook, and Reddit. Which stories go viral and which disappear is jointly
determined by the algorithms generating these feeds and users’ actions on the platforms (e.g.,
sharing, retweeting, or upvoting stories).

How does the design of the news feed affect how users learn on such platforms? Consider a
platform deciding how much to push widely shared (or highly upvoted) content into users’ news
feeds. On the one hand, a news feed that primarily shows users widely shared stories can create
a social version of the confirmation bias: incorrect but initially popular stories spread widely and
determine people’s beliefs, even though they are contradicted by most of the information that arrives
later. One might expect such feedback loops with naive users, but we show they can also arise in
an equilibrium model with rational users. The idea is that when stories supporting an incorrect
position are shared more, subsequent users tend to see these incorrect stories in their news feeds
due to the stories’ popularity, and hence form incorrect beliefs through Bayesian updating. If users
derive utility from sharing accurate content and thus share stories that agrees with their beliefs,
they will rationally share these false stories and further increase their popularity. Users have less
exposure to the true stories: even if these stories are more numerous, they are shared less than the
false stories and therefore shown less by the news-feed algorithm.

But on the other hand, selecting news stories based on their popularity may help aggregate more
information. Seeing a particular story in a news feed that selects widely shared content gives a user
more information than the realization of a single signal. The popularity of this story also tells the
user about the past sharing decisions of their predecessors, and thus lets the user draw inferences
about the many stories that these predecessors saw in their news feeds. In some circumstances,
seeing just a few stories in a news feed that emphasizes viral content can lead to strong Bayesian
beliefs about the state of nature. This can happen even if individual stories are imprecise signals
about the state, since sophisticated users can use the selection of these stories to infer much more
about sharing on the platform.

This work examines the trade-offs in choosing how much to feature viral content in a news



feed and studies how this design choice affects social learning on the platform. There is an active
public discussion about how news feeds shape society’s beliefs. Some commentators have blamed
the widespread misinformation about issues ranging from public health to politics on social-media
platforms pushing viral but inaccurate content into users’ feeds. We contribute to this discussion by
developing an equilibrium model of people learning from news feeds and sharing news stories on a
platform. We characterize learning outcomes under different news-feed designs, taking into account
rational users’ responses to different designs and to other people’s equilibrium sharing patterns.
The model also provides insights on specific applied questions, such as how news-feed designs can
improve accuracy and when platforms are robust to manipulation by a malicious attacker.

In our model, a large number of users arrive in turn and learn about a binary state. Each user
receives a conditionally independent binary signal about the state (which we call a news story)
and observes a sample of stories from predecessors (which we call a news feed). These stories
are sampled using a news-feed algorithm that interpolates between choosing a uniform sample of
the past stories and choosing each story with probability proportional to its popularity (i.e., the
number of times it has been shared). Users are Bayesians and know the news-feed algorithm, so
they appropriately account for selection in the stories they see.! Users then choose which of these
news-feed stories to share. We assume users prefer to share stories that match the true state, given
their endogenous beliefs. This simple utility specification, which one might think is conducive to
learning, can nevertheless generate rich learning dynamics including persistent learning failures.

News-feed algorithms in our model depend on a wvirality weight A that captures the weight
placed on popularity when generating news feeds: higher A corresponds to showing more viral
stories. The evolution of content on the platform is described by a stochastic process in [0, 1] we
call viral accuracy, which measures the relative popularity of the stories that match the true state
in each period. We show viral accuracy almost surely converges to a (random) steady-state value,
which depends on the randomness in signal realizations and in news-feed sampling. In equilibrium,
there is always an informative steady state where most stories in news feeds match the state. But
when the virality weight is high enough, there can also be a misleading steady state in equilibrium,

where most stories in news feeds do not match the state (so viral accuracy is less than %) At a

! An alternative approach would be to assume users are naive and fail to account for this selection. Many of the
main forces we highlight in our equilibrium framework would also appear in this behavioral model.



misleading steady state, users tend to see false stories, and therefore believe in the wrong state
and share these false stories. The misleading steady states correspond to the socially-generated
confirmation bias described above.

These misleading steady states emerge when A crosses a threshold, which we call the critical
virality weight X*. Misleading steady states exist in equilibrium when virality weight is at or
above this threshold, but not below it. A key finding is that this emergence is discontinuous: at
the threshold virality level \* where the misleading steady state first appears, the probability of
learning converging to this bad steady state is strictly positive. As a consequence, the accuracy
of content on the platform jumps downward at this threshold. Below the critical virality weight,
however, the unique informative steady state becomes monotonically more accurate as A increases.
This result formalizes the intuition mentioned above that a more viral news feed helps aggregate
more information. Increasing A therefore leads to a trade-off between facilitating more information
aggregation and preventing the possibility of a misleading steady state in equilibrium.

Since misleading steady states only appear when virality weight exceeds the threshold A\*, com-
parative statics of this threshold with respect to other parameters tell us which platform features
make it more susceptible to misleading steady states. Platforms are more susceptible when news
stories are not very precise, when news feeds are large, and when users share many stories. That
is, misleading steady states arise on platforms that let users consume and interact with too much
social information relative to the quality of their private information from other sources.

We give two consequences of our results with implications for the design and regulation of
platforms. First, we describe a content-neutral policy that leads to better learning outcomes:
letting the virality weight A vary over time. Consider generating initial agents’ news feeds with a
low virality weight but later agents’ news feeds with a high virality weight. We show there is a
simple equilibrium that achieves high viral accuracy without producing misleading steady states.
Intuitively, one way to improve learning is to let independent information accumulate early in the
discussion of a given issue and then exploit the advantages of showing viral content later in the
discussion. Second, we ask when a platform is robust to malicious attackers who manipulate its
content. If a platform chooses A sufficiently below the threshold A*, a large amount of manipulation
is required to produce a misleading steady state. We provide a simple explicit lower bound on this

amount, which we interpret as a robustness guarantee.



In our main model, agents observe the realizations of stories but not how viral those stories are.
Motivated by existing social-media platforms, where users usually observe some information about
the popularity of posts, we also consider a modified model where agents can distinguish between
viral and regular stories in their news feeds. Each time a user shares a regular story, there is a
chance of it “going viral” and creating a corresponding viral copy. A consistent conclusion that
we find in both the main model and this modified model is that there must be misleading steady
states when users see enough viral stories.

At a technical level, our paper applies mathematics techniques on stochastic approximation to
an equilibrium model where agents respond optimally to the evolution of a stochastic process. The
same techniques have been used in economics to study dynamics under behavioral heuristics (e.g.,
Benaim and Weibull (2003) in evolutionary game theory or Arieli, Babichenko, and Mueller-Frank
(2022) in naive social learning). Applying these tools to a setting where agents are best responding
adds new challenges. Indeed, even for a fixed strategy, the system we study can often converge
to multiple steady states and there is no closed-form expression for the probability of reaching a
given steady state. Understanding outcomes under equilibrium sharing rules is even more complex.
To make progress despite this complexity, we show that outcomes under a specific simple strategy
(sharing stories that match a majority of one’s observations) tell us about the equilibrium outcomes
(which cannot be characterized directly). In particular, a misleading steady state exists when users

choose equilibrium sharing strategies if and only if one exists when users follow this simple strategy.

1.1 Related Literature

We first discuss how our model relates to a recent literature on learning from shared signals. Several
papers have looked at different models of news sharing or signal sharing. As we discuss in detail
below, the existing work focuses on the dissemination of a single signal, or on settings where signals
are shared once with network neighbors but not subsequently re-shared. Our model differs on
both of these dimensions. First, we consider a platform where many signals about the same state
circulate simultaneously. These signals interact: a user’s social information consists of the multiple
stories that they see in their news feed, so the probability that they share a given story depends
on whether the other stories corroborate it or contradict it. Second, we allow signals to be shared

widely through a central platform algorithm that generates news feeds for all users. A signal can



become popular due to early agents’ sharing decisions and get pushed into a later agent’s news feed,
and this later agent can re-share the same signal. The combination of these two model features
generates the social version of confirmation bias that we outlined earlier.

Bowen, Dmitriev, and Galperti (2023) study a model where signals are selectively shared at most
once with network neighbors, but agents are misspecified and partially neglect this selection. This
bias leads to mislearning, and it also generates polarization in social networks with echo chambers.
By contrast, we focus on rational agents who make endogenous sharing decisions in equilibrium.

Bowen et al. (2023) note that:

“[...]the Internet has also brought an abundance of information, which should lead people
to learn quickly and beliefs to converge (not diverge) according to standard economic

models.”

Our results imply that even if people observe a large (but finite) amount of information and ratio-
nally account for selection, they can converge to a misleading steady state if they mostly observe
social information from peers (as may be the case on real-world social-media platforms). Indeed,
our comparative statics results in Section 3.5 show that the possibility of a misleading steady state
arises precisely when users are exposed to more social information and less private information.

Another group of papers in operations research and economics study settings with “fake news”
where people decide whether to share a story depending on the outcome of a (possibly noisy) fact
check (e.g., Papanastasiou (2020), Kranton and McAdams (2023), and Merlino, Pin, and Tabasso
(2023)) or depending on their prior beliefs about the story’s likelihood (e.g., Bloch, Demange,
and Kranton (2018), Acemoglu, Ozdaglar, and Siderius (2022) and Hsu, Ajorlou, and Jadbabaie
(2021)). Most of these papers consider the diffusion of a single signal that can be re-shared through
a network, while Kranton and McAdams (2023) look at the supply-side decisions of information
producers when consumers can share their stories at most once with network neighbors.? We focus
on a different dimension of platform-design choices. Instead of asking about the network structure
that connects users on the platform (e.g., echo chambers) or fact-checking technologies, we consider
the platform’s choice in terms of showing its users more or less viral content.

Buechel, Kléfiner, Meng, and Nassar (2023), like our work, consider an environment where

*Merlino, Pin, and Tabasso (2023)’s model features one true and one false message.



agents can share and re-share copies of a signal. They study a model in which agents’ sharing
behavior resembles the DeGroot heuristic. In particular, their agents’ sharing is independent of
beliefs, while we study sharing rules that seek to share correct stories and therefore depend on
beliefs.

Finally, there are some similarities between misleading steady states in our model and herding
in observational social-learning models (Banerjee (1992), Bikhchandani, Hirshleifer, and Welch
(1992), and a large subsequent literature®). In both cases, incorrect initial signals can lead to
persistent wrong beliefs. A high-level distinction is that agents observe signals directly, rather
than actions incorporating signals, but the observed signals are endogenously selected. At a more
theoretical level, we consider an environment with an inherent constraint on the informativeness
of social observations, where the expected accuracy of the news feeds is uniformly bounded away
from 1 across all strategies of the agents. This leads to several new dynamics relative to the
classical herding literature. First, agents learn imperfectly in the long run even without herding-
type behavior, so we can quantitatively compare how long-run learning outcome changes across
different platform parameters (e.g., Proposition 3). Such comparisons are key to the main trade-off
between more information aggregation and misleading steady states. Second, misleading steady
states persist in our model even though new private information continues to arrive and get shared
on the platform. By contrast, the classical herding results rely sharply on the later agents’ private

signals becoming completely lost once society reaches an information cascade.

2 Model

We consider a finite society with n people learning in sequence about an unknown state of nature
w € {—1,1}. Everyone starts with the common prior that both states are equally likely. Each
agent receives a binary private signal s; € {—1,1} about the state, interpreted as a news story.
Call s; = —1 a negative story and s; = 1 a positive story. We assume stories are conditionally

independent and symmetric, so that P[s; = —1|lw = —1] = P[s; = l|w = 1] = ¢ for some story

3Perhaps closest to our model within the observational social-learning literature, several papers assume agents
observe a random sample of predecessors’ actions (Banerjee and Fudenberg (2004), Lévy, Peski, and Vieille (2022),
and Kabos and Meyer (2021)). Our techniques, meanwhile, are based on the same mathematics literature as Arieli,
Babichenko, and Mueller-Frank (2022), who model the distribution of actions taken by agents as a generalized Pélya
urn.



precision 0.5 < ¢ < 1. We also keep track of the popularity score of each story s;, denoted p(s;).
Each story starts with a score of 1 when it is first posted, and the score increases by 1 each time
the story is shared by someone else.

We fix a news feed size K > 1. The first K agents receive no information other than their own
news stories and mechanically post these stories onto the platform. (Our analysis would remain
unchanged if we instead began with an exogenous finite pool of stories drawn from any distribution
that is state-symmetric in the sense that the distribution over the number of stories matching the
state does not depend on the state.) For each i > K + 1, agent i sees a news feed containing K
stories posted by predecessors. The news feed only shows the realizations of the K sampled stories,
but not their popularity scores or arrival times. Then, agent ¢ shares C out of the K stories from
their news feed, increasing each shared story’s popularity score by 1, for some capacity C < K /2.
Agent i gets utility u > 0 for each shared story that matches the state w. Agent 7 also posts their
own story s; onto the platform.

The platform’s virality weight A € [0,1] determines how it samples K stories to populate i’s
news feed. For each of the K slots in the news feed, with probability A, a story is sampled with
probabilities proportional to the ¢ — 1 stories’ current popularity scores. With the complementary
probability, a story is sampled uniformly at random from the ¢ — 1 stories. We assume for simplic-
ity that all stories are sampled with replacement (as we approach the steady state, the effect of
replacement vanishes). All draws are independent.

The platform’s sampling rule includes two special cases:

1. Popularity-based sampling (A = 1): A story that has been shared twice as often as

another has twice the probability of being sampled.
2. Uniform sampling (A = 0): Predecessors’ sharing decisions do not affect sampling.

More generally, sampling rules with A between zero and one interpolate between these two cases.
The virality weight A measures how much the news feed shows more popular stories relative to
random stories.

The n agents are uniformly randomly placed into the n positions, and do not know their posi-

tions. Each agent (correctly) believes that they are in each position 1, ..., K with equal probabilities



if they do not observe a news feed, and in each position K + 1,...,n with equal probabilities if

they do observe a news feed. The informational environment is common knowledge.

2.1 Discussion and Interpretation

In this section, we discuss our interpretation of the model and the reasons behind our model-
ing choices. We begin by explaining connections to social-media platforms and then discuss our
assumptions about users’ behavior and information.

Our Model of Platforms. We view the news stories s; as original content that users discover
from external sources (e.g., opinion pieces from local newspapers, new scientific preprints, etc.) and
post on the social-media platform (e.g., X, Facebook, or Reddit). We assume that agents always
post their stories to ensure that new private information continues to arrive and spread on the
platform, but could easily adapt our results to other assumptions about the information arrival
process.

The platform presents each user with a news feed of stories that others have posted, and gives
users some way of expressing endorsement for the content discovered by others. What we generically
refer to as “sharing” in our model corresponds to retweeting on X, reposting content you saw on
Facebook on your own timeline, upvoting a story on Reddit, and so forth.

The news-feed algorithm determines what content is shown. It can focus on showing more
viral content (larger \) or more “random” content (smaller \). Displaying “random” content could
represent, for example, showing a user the most recent stories that their friends posted without
regard for the stories’ popularity score. The functional form we chose above to model this trade-off
has the particularly useful property that the total popularity scores of positive and negative stories
are a sufficient statistic for the distribution of sampled stories, but other functional forms are also
possible. In particular, platforms could also use more extreme sampling rules that place more
weight on more viral stories than popularity-based sampling (e.g., the probability of sampling a
story is proportional to the square of its popularity).

The virality of the news feed is a design choice that social-media companies devote substantial
attention to in practice. Over the years, different iterations of the X (Twitter) feed gave different
levels of emphasis on the trending or most popular tweets on the platform. For Reddit, its ordering

algorithm for displaying posts on the front page evolved over a decade. An entry on Reddit’s



company blog in 2009 shows the platform designers are well aware of the disadvantages of putting

too much emphasis on the most highly upvoted content:

“Once a comment gets a few early upvotes, it’s moved to the top. The higher something
is listed, the more likely it is to be read (and voted on), and the more votes the comment

gets. It’s a feedback loop” (Munroe, 2009).

User Behavior. Turning to user behavior, we assume that users are rational and want to share
stories that match the true state. We will see that even under these assumptions, which we view
as relatively conducive to learning, there are often misleading steady states. The assumption that
users want to share correct content is also motivated by empirical evidence on sharing behavior. In
laboratory experiments, Pennycook et al. (2020, 2021) find people have an intrinsic preference for
sharing news from more trustworthy sources, which are more likely to accurately reflect the state.
We will see in Section 3.3 that our analysis is robust to including other motivations for sharing if
users also care enough about sharing accurate content. But different types of preferences could lead
to different dynamics. In particular, if users care primarily about influencing the long-run accuracy
of content on the platform or an eventual societal decision, then it might be possible for them to
avoid misleading steady states.

We also consider a symmetric prior over the two states, which allows us to consider a restricted
class of strategies and simplifies best responses in the absence of misleading steady states. Exact
symmetry of priors is not needed for our analysis (see Section 3.3), but dropping our symmetry
assumption on strategies would considerably complicate the analysis.

We assume an explicit capacity constraint C' on how much people can share. The primary reason
is tractability, as the analysis is considerably cleaner when the number of stories shared does not
depend on the realizations of the sampled stories. A capacity constraint also captures the fact
that people tend to only share a small fraction of the content that they consume on social-media
platforms.* Note that even if the agents are not forced to share exactly C stories out of the K in
their news feeds, they would still find it optimal to share up to the capacity constraint. This is

because they incur no marginal cost from sharing and no penalty from sharing an incorrect story,

4For example, even among the top 10% of tweeters on X, the median number of favorites per month is 70 and the
median number of tweets per month is 138, which are presumably much lower than the number of tweets that these
users read per month (Wojcik and Hughes, 2019).



and they will always believe that each story has a positive probability of being correct.

In our main model, agents do not see the current popularity scores or the arrival times of the
stories in their news feeds. This assumption is motivated by the difficulty of inferring the state from
the popularity or age of observed posts. Indeed, in reality these inferences are likely complicated
further by characteristics of news stories outside of our model.> In Section 5, we allow agents to
observe some information about the popularity of stories. We also assume that people do not know
their order in the sequence. This is likely more realistic than assuming that everyone knows their
precise order. From a technical perspective, it is also the more tractable assumption that lets us

focus on analyzing long-run steady states.%

2.2 Strategy, Symmetric BNE in Finite Societies, and Limit Equilibrium

An agent who does not see a news feed has no decisions to make. We therefore define a mixed
strategy in the game to be o : {—1,1} x {0,..., K} — A({0,1,...,C}), so that o(s,k) gives the
distribution over the number of positive stories shared when the agent discovers the story s and
sees a news feed with k positive stories out of K.” We will regard the space of mixed strategies as a
subset of RZE+D(C+D) with the standard Euclidean norm. Mixed strategies must satisfy feasibility
constraints in terms of the available numbers of positive and negative stories to share, so o(s, k)
cannot have values larger than k or smaller than C'+ k — K in its support for any 0 < k < K. Note
that we only need to discuss positive stories since the agent must always share C' stories in total.
A simple strategy, which will play a central role in our analysis, is to follow the majority of the

stories in the news feed (breaking ties in favor of the private signal):

Definition 1. The majority rule is the strategy defined by o™ (s, k)(C) = 1 if either k¥ > K/2 or
k= K/2 and s = 1, and 0™ (s,k)(0) = 1 otherwise.

The majority rule is a pure strategy that either shares C stories with the realization of 1 or C'

stories with the realization of —1, depending on the news-feed majority. Note the majority rule is

"Vosoughi, Roy, and Aral (2018) find that fake news spreads more widely than accurate stories, and Altay,
De Araujo, and Mercier (2022) argue this is because fake news stories are more interesting to users.

5In our model where agents hold a uniform prior over positions, we will be able to analyze changes in the platform
over time without needing to account for time-varying strategies. If agents know their positions, strategies and the
content on the platform are both changing over time, and even basic convergence properties are unclear.

"Agents cannot distinguish between different positive (or negative) stories in their news feeds. Moreover, which
positive (or negative) stories they share does not affect subsequent agents’ observations under the family of sampling
rules we consider.
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feasible because we have assumed C' < K /2. The majority rule need not be an equilibrium strategy
in general — intuitively, it is only optimal when stories in agents’ news feeds are more informative
than their private stories. Nevertheless, it turns out the majority rule will help us understand the
qualitative properties of equilibrium outcomes even when it is not itself an equilibrium.

We apply the solution concept of Bayesian Nash equilibrium (BNE). Note that all possible
observations are on-path given any strategy profile. We focus on player-symmetric and state-
symmetric BNE: that is, a BNE where each agent uses the same strategy o, and o treats positive
and negative stories symmetrically.® We abbreviate this refinement as “symmetric BNE.”

We are mainly interested in analyzing the limits of symmetric BNE when the number of agents
on the platform grows large, and studying the accuracy of the resulting news feeds in the long run.
Such a limit is well defined because for fixed parameters ¢, K, C, A, the space of strategies stays

constant as the number of agents n grows.

Definition 2. For fixed ¢, K, C, \ parameters, a mixed strategy o* is a limit equilibrium if there
exists a sequence of symmetric BNE (a(j))]o-‘;l for finite societies with n; agents and the same

q, K, C, X\ parameters, where n; — oo and lim;_, o) = o*.

Symmetric BNE and limit equilibria both exist for all parameter values:

Proposition 1. For any finite n and parameters q, K,C, \, there exists a symmetric BNE. For

any parameters q, K, C, A, there exists a limit equilibrium.

The proof shows that there is a symmetric BNE for all n via a standard fixed-point argument.
Since the space of feasible mixed strategies can be viewed as a compact subset of a finite-dimensional

Euclidean space, a limit equilibrium must exist.

3 Steady States and Equilibrium Steady States

We begin this section by describing the structure of steady states under a fixed strategy o. We then
distinguish informative and misleading steady states. The third subsection describes equilibrium

strategies and the structure of steady states under equilibrium behavior. We then provide numerical

8More precisely, state symmetry means that for every s € {—1,1} and 0 < k < K, we have (s, k)(z) = o(—s, K —
k)(C —z) foreach 0 < 2z < C.
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illustrations of equilibria and the corresponding steady states. The final section considers how the

structure of equilibrium steady states changes as we change the model parameters.

3.1 Definition and Characterization of Steady States

Suppose everyone uses the same strategy o, which needs not be an equilibrium, and the true state
is w. How will the total popularity score of the correct stories that match the state compare with
that of the incorrect stories in the long run? We define the concept of steady states to study this
question.

Given the true state of nature w, a finite set of ¢ stories (sj,...,s;) on the platform and the

popularity scores of these stories p(s;), the viral accuracy of the platform is defined to be

Zz’:si:w ,0(81)

"0 =S o)

Viral accuracy measures the relative popularity of the stories that match the true state. Imagine a
society with infinitely many agents, with all agents ¢ > K + 1 using the strategy o. This induces a

stochastic process (z(t))72, where z(t) is the viral accuracy of the platform after agent ¢ has acted.

Definition 3. A point z* such that x(¢t) — z* with positive probability is a steady state of the

strategy o.

When viral accuracy converges to a steady state z*, roughly =* fraction of the total popularity
score on the platform is associated with correct stories in all late enough periods. This fraction
persists as fresh stories get posted on the platform each period and agents use o to decide which
stories to share from their randomly generated news feeds. The next result tells us that for any
state-symmetric strategy, viral accuracy almost surely converges, and the set of steady states X*

is finite.

Proposition 2. Given a state-symmetric strateqy o, there is a finite set of steady states X* C (0,1)

such that when all agents use o, almost surely x(t) — z* for some z* € X*.

The proof uses a convergence result from stochastic approximation (Theorem 2.1 from Chapter

2 of Borkar, 2023). When X* contains at least two elements, the limit steady state z* € X* is

12



random and can depend on the early agents’ private signal realizations and the random sampling
involved in generating news feeds.

The basic idea behind the proof of Proposition 2, as well as much of the subsequent analysis,
is that we can describe the state of the system in terms of z(t) and the fraction of stories up to
time t that match the state. We can decompose the change x(t + 1) — x(¢) between periods into a
deterministic term (which we will approximate using the inflow accuracy function defined below)
and a martingale noise term. Given this decomposition, a martingale convergence theorem shows
that x(t) converges almost surely.

In light of Proposition 2, we write 7(- | o) for the distribution over steady states generated by
a state-symmetric strategy ¢.? A substantial challenge in analyzing our model is that we cannot
obtain closed-form expressions for 7(- | o) as these probabilities depend on a complicated stochastic
process. We focus instead on understanding when the support of (- | o), which is the set of steady
states, contains certain values of x. We will see this question is already highly non-trivial, and the
answers will have interesting implications for understanding equilibrium and design questions.

Our next result will characterize the support of the distribution 7(- | o) over steady states in
terms of the fixed points of an inflow accuracy function, which we now define. Suppose today’s
viral accuracy is x, and exactly ¢ fraction of the stories on the platform are correct. A new agent
must increase the total popularity score on the platform by C' + 1, as they share C' existing stories
and post a new story. We define the inflow accuracy function ¢,(x) to be the expected fraction of

the incoming C + 1 popularity score that will be allocated to stories that match the state.

Definition 4. The inflow accuracy function is

g+ S0 Pl ) <[ Elo(L k)] + (- q) -E[o(~L. k)]
1+C

bo () :
where Py(x,\) := P[Binom(K, Az + (1 — X\)q) = k] and Binom(K, p) is the binomial distribution
with K trials and success probability p.

To understand the formula in the definition, note that Az 4+ (1 — A)q is the sampling accuracy

of the platform: the probability of each news-feed story being correct, given viral accuracy = and

9By symmetry of o and of the environment, the distribution over steady states is the same conditioning on w = 1
and w = —1.
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virality weight A. We can use sampling accuracy to express the probability of getting k positive
stories out of K in the news feed when w = 1 for every 0 < k < K, then consider how the strategy
o combines the private signal s; and the number of positive stories in the news feed to make a
sharing decision. Finally, ¢,(z) also takes into account that the story posted by the agent, which
starts with a popularity score of 1, has ¢ chance of matching the state. While ¢, (x) is defined in
terms of the expected fraction of the new popularity score assigned to correct stories when w =1,
the symmetry of the environment and of ¢ implies that it also describes the same fraction when
w=—1.

We always have ¢,(0) > 0 and ¢,(1) < 1. The idea is that if  ~ 0 and almost all of the
popularity score are associated with the wrong stories, then the arrival of fresh stories posted by
new agents tends to increase x, as a majority of these stories match the state. If on the other hand
x =~ 1, then these fresh stories will on average lower x, since they have a non-zero probability of
mismatching the state. So ¢, must have a fixed point by continuity.

A fixed point of the inflow accuracy function ¢, is a natural candidate for a steady state induced
by o, as it intuitively represents a level of viral accuracy that tends to be exactly maintained on
average by the inflow of new popularity score, on a platform with sufficiently many stories so that
approximately ¢ fraction of them match the true state. The next result establishes this formally,

provided the fixed point is not unstable from both sides.

Theorem 1. We have w(z* | o) > 0 if ¢o(x*) = =* and there exists some € > 0 so that either
(a) po(x) < x for all x € (x*,2* +€), or (b) ¢po(x) > x for all x € (z* — €,2*). Conversely, for

x* € [0,1], we have w(z* | o) > 0 only if ¢po(z*) = x*.

We first discuss fixed points which are stable from both sides. As an example, Figure 1 plots
the inflow accuracy function for the majority rule when K =7, C'= 3, ¢ = 0.55, and A = 1. There
are two fixed points that are stable from both sides, and Theorem 1 implies both are steady states.
At the upper fixed point, stories matching the state are more popular. At the lower fixed point,
however, incorrect stories are more popular than correct stories. Under the majority rule, such
a misleading state is reached with positive probability: if enough initial stories are incorrect, the
majority rule will continue sharing incorrect stories. We will see in Section 3.3 these misleading

steady states can also arise under equilibrium behavior.
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Figure 1: The inflow accuracy function for the majority rule with K =7, C =3, ¢ = 0.55, A = 1.

The more subtle case is a fixed point of ¢, that is unstable from one side (see Figure 2 for
an illustration). A touchpoint of ¢, is a fixed point z* = ¢, (z*) where exactly one of condition
(a) or condition (b) from Theorem 1 holds (so x* is only stable from one side). Theorem 1 says
that if ¢, has a touchpoint x*, then viral accuracy converges to ™ with positive probability. This
means the distribution over steady states is discontinuous in the strategies that agents use and
discontinuous in parameters of the model such as A and ¢, and we will discuss some consequences
of the discontinuity below.

One might expect that the stochastic process of viral accuracy should not converge with positive
probability to fixed points of ¢, which are unstable from one side, because random noise in the
process z(t) can bring it to the unstable side of the fixed point. But careful analysis shows that
there is a positive probability event that x(¢) converges to the touchpoint z* while entirely staying
on the stable side, with the noise terms never being large enough to move the process over to the
unstable side. This is because the noise terms from a single agent’s sharing choices become smaller
over time and do so sufficiently quickly. The proof extends the techniques of Pemantle (1991),

which shows a similar result for generalized Pélya urns.'?

Y0ur model does not fit Pemantle (1991)’s definition of a generalized Pélya urn because (1) the relevant stochastic
process in our model is two-dimensional since we keep track of both the fraction of stories that match the true state
and the viral accuracy, and (2) signals are shared in correlated groups of C + 1 signals rather than one at a time.
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Figure 2: The inflow accuracy function for the majority rule with K =7, C' = 3, ¢ = 0.55, A = 0.76.
Here ¢, maj has two fixed points: the left fixed point is a touchpoint that is only stable from the
left side (the red box shows a zoomed-in view). The right fixed point is stable from both sides.
Theorem 1 implies viral accuracy has a positive probability of converging to each of these two fixed
points.

3.2 Informative and Misleading Steady States

We may classify steady states into two types. One type is an informative steady state, where
sampling accuracy is above 1/2 and it is more likely that stories in the news feed are true. The

other type is a misleading steady state, where the opposite happens.

Definition 5. A steady state x is informative if Ax+(1—X)q > 1/2, and strictly informative if this
inequality is strict. A steady state x is misleading if \x + (1 — \)g < 1/2, and strictly misleading

if this inequality is strict.

Even reasonable strategies like the majority rule o™ can generate misleading steady states.
Recall from Figure 1 and the discussion after Theorem 1 that ¢™# has two steady states with the
parameters K =7, C' =3, ¢ = 0.55, and A = 1. One is informative, but the other is misleading.

In a misleading steady state, the virality of false stories becomes self-sustaining. The state
might be w = 1 but most people see negative stories in their news feeds, as the platform’s virality
weight implies the popular false stories tend to get shown to users. This happens even though the

total number of negative stories is smaller than the total number of positive stories on the platform.
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Figure 3: The inflow accuracy function for the majority rule with ¢ = 0.55, K = 7,C = 3, and
A € {0.3,0.6,0.9}. With A = 0.3 and A = 0.6, there is a single informative steady state. With
A = 0.9, a misleading steady state appears.

Under the majority rule ¢™#, for example, agents will then share the negative stories from their
news feeds, which further perpetuates these stories’ popularity and makes them more likely to be
seen by future agents.

We will see that ¢, maj, the inflow accuracy function associated with the majority rule, plays an
important role in determining the equilibrium steady states of any limit equilibrium. As a first step
in this direction, we observe that the steady states of the majority rule o™ satisfy the following

useful properties:

Lemma 1. If z is a steady state of c™Y, then it is strictly informative if and only if x > 1/2, and

strictly misleading if and only if x < 1/2. Also, x = 1/2 is not a fized point of ¢gmaj.

Steady states are generally classified as informative or misleading depending on the sampling
accuracy. The lemma says for the majority rule, we can equivalently classify steady states based
on whether viral accuracy is larger than 1/2.

The number of steady states for a fixed strategy depends on \. The three figures below plot the
inflow accuracy function with ¢ = 0.55, K = 7,C = 3 and the majority rule. The three plots in
Figure 3 correspond to three different values of A: A = 0.3, A = 0.6, and A = 0.9. When A = 0.3
and A = 0.6, there is only an informative steady state, and this steady state is more accurate when

A = 0.6. But when A = 0.9, there is both an informative steady state and a misleading steady state.
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3.3 Equilibrium Steady States

So far, we have discussed steady states associated with arbitrary strategies. We are mainly inter-
ested in equilibrium steady states, that is the distribution 7 (- | ¢*) when o* is a limit equilibrium
strategy.

We now define the critical virality weight, which is the smallest A for which there is a misleading
steady state under the majority rule. We will see the set of equilibrium steady states changes sharply

around this critical value of \.

Definition 6. The critical virality weight \* is

A" = inf{\ € [0,1] : pymaj(2™) = z* for some z* € [0,1/2]},

provided this set is non-empty. Otherwise, we let A* = oo.

Depending on the values of the parameters ¢, K, C, it turns out that either ™ only has strictly
informative steady states for any virality weight (so A* = c0), or there is some smallest 0 < \* <1
where a fixed point in [0,1/2] first appears for ¢ maj. For instance, for ¢ = 0.55, K = 7,C = 3,
Figure 2 shows that A* =~ 0.76. The next theorem fully characterizes when misleading steady states

exist across all limit equilibria for every level of A.

Theorem 2. For 0 < A < \*, the unique limit equilibrium is c™%. At every A\ < \*, c™% only
has one equilibrium steady state, and it is strictly higher than q (thus, strictly informative). For

A > X\, every limit equilibrium induces at least one strictly misleading steady state.

This result shows how the platform’s virality weight affects the types of equilibrium steady
states: there are only informative equilibrium steady states when A < A*, while there will always
be misleading equilibrium steady states when A > A*.'' It also shows the majority rule is the
only possible limit equilibrium for non-zero virality weights below the critical virality weight \*.12
For virality weights above A\*, the majority rule may not be a limit equilibrium, and there may be

multiple limit equilibria. Nevertheless, the result tells us that every limit equilibrium has a positive

11YWe will see in Proposition 5 that A\* is finite whenever K and C are large enough, so misleading steady states
can indeed arise.

12When A = 0, the only possible equilibrium steady state is g, so every story in the news feed is exactly as
informative as one’s private signal. There is thus some degree of freedom in tie-breaking when there is one more
positive story than negative story in the news feed and one’s private signal is negative.
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probability of generating a misleading steady state where false stories dominate news feeds. Users
are aware of the possibility of a misleading steady state and would like to correct for it, but are
unsure whether society converged to a misleading steady state or an informative one.

The theorem greatly simplifies checking whether there is a misleading steady state at a limit
equilibrium under given parameter values. Without the theorem, checking for misleading steady
states would require solving for equilibrium strategies, which is a complicated calculation depending
on 7(-|o) and therefore the entire stochastic process. The theorem says we can instead check for
misleading steady states under the majority rule, which are simply roots of a polynomial.

This reduction relies on two properties, established in the proof: (1) if any strategy sustains a
misleading steady state, then the majority rule does too,'® and (2) when there are no misleading
steady states, the majority rule is a best response if the number of agents n in the society is suffi-
ciently large. These properties give an intuition for why rational agents fail to prevent misleading
steady states. For parameter values where the majority rule sustains a misleading steady state,
there are of course other symmetric strategy profiles that only admit informative steady states.
But no such strategy can be a limit equilibrium, because rational agents prefer to deviate to the
majority rule in the absence of misleading steady states. So every limit equilibrium must sustain
misleading states if the majority rule does so.

Property (2) is robust to some variation in agents’ beliefs and preferences. Majority rule is a
strict equilibrium whenever there is no misleading steady state, and can give a substantially higher
payoff than other strategies in some cases (e.g., when the news feed size K is even and signals are
precise). So steady states under equilibrium strategies can have the same basic structure if agents
want to share accurate stories but also have other motivations (e.g., sharing stories that will be
shared by others or influencing others’ beliefs). Similarly we can allow asymmetric priors over the
two states. Naturally very different preferences or priors could lead to different dynamics.

Finally, Theorem 1 and Theorem 2 together imply a discontinuity in equilibrium learning out-
comes at A*. For A just below A*, we converge almost surely to a steady state where a majority
of users believe the true state is more likely. But when A = \*, there is a positive probability

of converging to a misleading steady state. The expected accuracy under the limit equilibrium

13This makes use of the capacity constraint model of sharing. If the number of stories shared depended on the
realization of the sampled signals, it seems plausible there could be a misleading steady state under a strategy that
sometimes shares fewer stories than the majority rule but not under the majority rule.
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strategy o™ also discontinuously drops at \*:

Corollary 1. The expected steady-state viral accuracy under the unique limit equilibrium jumps
downward at \*:

A_}I(I)\I}()i ]Eﬂ-(x*‘o-maj,)\) I:l'*] > Eﬁ(x*|o.maj7>\*) [ZL‘*] .

The corollary means that outcomes can be very sensitive to design choices, and we discuss one
consequence in Section 4.2.
We now turn to benefits of higher virality weight A*. Our next result says that larger a virality

weight can lead to a stronger consensus:

Proposition 3. For \ € [0,\*), the unique steady state * at the unique limit equilibrium under X

is strictly increasing in A.

In the region of virality weights that do not generate misleading equilibrium steady states,
increasing \ allows more information aggregation. This is because a positive story in ¢’s news feed
not only tells 7 about the realization of a single signal, but also lets ¢ draw inferences about the
hidden information available to i’s predecessors who may have chosen to share that positive story.
As A increases, the sampled news-feed stories are closer to indicating a consensus among many
agents.

We state the proposition for A < A*, but a similar argument also shows that increasing A tends
to increase consensus in other regions as well. Formally, consider any interval (), A\) on which the
set of limit equilibria and the set of steady states under each equilibrium are unchanged. Fix a
limit equilibrium o* and a continuous selection x*(\) of a steady state for each A\ € (A, A). Then
|z*(A) — %| is strictly increasing in A on the interval (A, ). Informative steady states become more
accurate, while misleading steady states induce a stronger wrong consensus.

Theorem 2 and Proposition 3 together formalize the trade-off in the virality weight A described
in the introduction. Increasing A initially increases the steady-state viral accuracy and sampling
accuracy. But starting at a critical threshold \*, it discontinuously creates the social form of con-
firmation bias discussed in the introduction, which we have now formalized in terms of a misleading

steady state.
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3.4 Numerical Illustrations of Equilibrium for \ > \*

Theorem 2 determines the unique equilibrium for A < A* but does not give a complete characteriza-
tion when A > \*. To illustrate equilibrium behavior and the distribution of long-run viral accuracy
on platforms in this region, we describe several numerical examples. We find agents adjust their
behavior considerably in response to the possibility of misleading steady states, but nevertheless
converge to misleading steady states quite often.

We numerically estimated equilibria for news feed sizes K € {6,8,10} in an example with
virality weight A = 1, story precision ¢ = 0.55, and sharing capacity C = 3. The virality weight
A =1 is strictly higher than the critical virality weight A* in each of these environments. For each
K, we first check for a pure strategy equilibrium and then check for a mixed strategy equilibrium
of a particular form (see details in Appendix B). In all cases this procedure finds a single limit
equilibrium, which we describe below.

We find that the limit equilibrium is mixed for K = 6. If at least three out of the six stories
in the news feed match the agent’s private signal s;, then the agent always shares three news-feed
stories that match s;. If two out of the six news-feed stories match s;, then the agent shares the two
stories matching s; (and one other story) with probability 19.26%, and with the complementary
probability shares three stories that do not match s;. If fewer than two news-feed stories match s;,
then the agent shares three stories that do not match s;.

Similarly, the limit equilibrium is also mixed for K = 8. If at least four out of the eight stories
in the news feed match the agent’s private signal s;, then the agent always shares three news-feed
stories that match s;. If three out of the eight news-feed stories match s;, then the agent shares the
three stories matching s; with probability 72.11%, and with the complementary probability shares
three stories that do not match s;. If fewer than three news-feed stories match s;, then the agent
shares three stories that do not match s;.

We find a different equilibrium structure for K = 10: the limit equilibrium is a pure strategy.
If there is a supermajority of at least seven stories with the same realization in the news feed, then
the agent shares three news-feed stories from the majority side. Otherwise, the agent shares three
stories that match their private signal s;.

The intuition behind these equilibria is that the possibility of the platform being stuck in a
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misleading steady state makes news-feed stories less informative about the state of the world. When
A < X*, news-feed stories are strictly more informative than private signals. In these equilibria,
however, an observation of k positive stories and k — 2 negative stories in the news feed is either
exactly as informative as one positive private signal (as in the mixed equilibria for K = 6 and
K = 8) or strictly less informative (as in the pure equilibrium for K = 10).

Under the estimated limit equilibria, we simulate the evolution of content on the platform in
10,000 trials with 40,000 periods each. We find that the viral accuracy is below % after 40,000
periods 35.7% of the time with K = 6, 28.2% of the time with K = 8, and 28.1% of the time
with K = 10. The probability of viral accuracy being near the misleading steady state after a
large number of periods is therefore quite substantial in each case. This suggests that society
often converges to misleading steady states, even when users adjust their behavior to follow private

signals more often.

3.5 Comparative Statics

Theorem 2 characterizes the critical virality weight A* as the smallest value of A such that the
polynomial ¢, maj(x) has a touchpoint. We now use this characterization to show how the critical
virality weight changes with respect to parameters of the environment. A lower critical virality
weight means an equilibrium misleading steady state exists for a larger set of sampling rules. So we
interpret the exercise as asking what properties of the environment and social-media platform lead

to situations where false stories generate news feeds, holding fixed the platform’s sampling rule.
Proposition 4. Let \*(q, K, C) be the critical virality weight for parameters (q, K, C).

« M(¢,K,C) =X (q,K,C) if ¢ >q

o N(q,K,C") > )N(¢, K,C) if C" < C

o N(q,K—2,C) > X(q,K,C) for every K

o M(¢, K+1,C)>X(q,K,C) if K is odd

e N(q, K —1,C) > X(q,K,C) if K is odd
All of these inequalities are strict whenever A*(q, K, C) is finite.

22



The overall message is that misleading steady states emerge when individuals consume and
interact with a large amount of social information on the platform relative to the amount of private
information that they have from other sources. It is easier to generate a misleading equilibrium
steady state when individual stories are noisy signals of the state of nature (so there is little private
information), when users can share a large number of stories in their news feeds, and when users read
many stories on the social-media platform. Intuitively, since each individual’s private information
is untainted by the popularity of various stories on the social-media platform, a sufficient amount
of high-quality private information can counteract the harmful effects of trending false stories in
news feeds. On the other hand, if users spend a great deal of time on the platform, browsing many
stories in their news feeds and sharing many of the stories they read, then they are more likely to
fall prey to a misleading steady state and help perpetuate the virality of inaccurate news.

The comparative statics in K depend on the parity of K. Misleading steady states are less likely
for even K because agents with symmetric social observations (i.e., K/2 news-feed stories matching
each state) follow their private signals, which match the true state more frequently. Aside from this
detail, however, increasing K does create misleading steady states for a larger set of parameters.

While Proposition 4 tells us the direction in which A* changes as K and C increase, we may
still want to know the extent to which these two parameters can affect the critical virality weight.
The next result shows the full range of possible critical virality weight values when we fix the story

precision and change how many news stories people read and share.

Proposition 5. For any q, K,C, we have \*(q, K,C) > 1 — 2%1. But for any fized 1/2 < ¢ < 1 and

any A > 1 — 2—1(1, there exist K,C so that whenever K > K, C > C, we have \*(q, K,C) < \.

Proposition 5 says that if users have large enough news feeds and share sufficiently many stories
from their feeds, then the critical virality weight will be arbitrarily close to 1 — Q—Iq. In particular,
no matter how precise the individual stories, every limit equilibrium admits a misleading steady
state when A > 1/2 provided K and C are large enough. But 1 — 2%1 is also a sharp lower bound
on the critical virality weight, so news-feed algorithms close enough to uniform sampling remain
immune to the possibility of misleading steady states even if we let users access and interact with

more and more social information.
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4 Platform Design

In this section, we provide several implications of our results for platform design. We first show
that if the platform can change the virality weight A over time, then a simple policy can guarantee a
high viral accuracy in large societies. We then discuss when social learning outcomes on a platform

are robust to exogenous manipulation.

4.1 Changing Virality Weight Over Time

Our main model analyzed platform dynamics with a fixed virality weight and found a basic trade-
off: higher virality weights can improve the accuracy of informative steady states but can also
lead to misleading steady states. A natural question is whether sampling rules outside the class
we have considered can circumvent this trade-off and improve accuracy. We now show that a
simple modification can do so: letting the virality weight vary over time. This corresponds to
generating news feeds with different algorithms when an issue first emerges and after the discussion
has developed further.

To formalize this, let T be the viral accuracy at the informative steady state under the majority
rule when A = 1. We will show that T is the best possible steady state viral accuracy that can
be reached with positive probability given any T and any fized virality weight A\. With a fixed A,
moreover, viral accuracy T can only be attained with positive probability when misleading steady
states are also reached with positive probability. By contrast, the following result says if the
platform can start with A = 0 and switch to A = 1 after some time, then there is a limit equilibrium

where viral accuracy in later periods is arbitrarily close to T with probability arbitrarily close to 1.

Proposition 6. Suppose A = 0 for the first to(n) periods and then X\ =1 for all subsequent periods.
We can choose a sequence of to(n) such that c™¥ is an equilibrium for n sufficiently large, and
given strategy o™¥ we have x(n) — T in probability (as the number of agents n — o). The viral
accuracy T is the highest viral accuracy at any state given any fized N\ and any state-symmetric

strategy.

If the platform were to fix A = 1 in all periods, then there is some strictly positive probability
that society converges to a misleading steady state. The key idea is that the platform can make the

probability of this bad outcome arbitrarily small by showing random news feeds (A = 0) to a large

24



enough number of agents in the early periods. These early agents have a very high probability
of generating a viral accuracy higher than 1/2 because the low virality weight lets independent
information accumulate. The platform then exploits this favorable initial condition and switches
to A =1 to generate stronger (and very likely correct) beliefs.

The proposition shows that by modifying news-feed algorithms to be dynamic in a simple way,
platforms can improve the accuracy of the content they show to users. This policy could provide
guidance for regulators concerned about the accuracy of content on platforms. Regulation could,
for example, limit how much platforms can show viral content early in the discussion of an issue but
then ease these restrictions after some time. The policy is also a potential approach for platforms
facing regulatory constraints requiring some level of accuracy.

Real-world platforms of course need not be limited to sampling rules from the particular class
we consider in this paper (time-varying or otherwise). The proposition demonstrates that showing
less viral content early in a learning process and more viral content later can improve accuracy, and
we expect this dynamic would extend to other sampling rules. We note that platforms could obtain
very high accuracy by learning the true state and then showing users exclusively stories matching
the state. This may be a helpful policy in some situations, but may be controversial or difficult to
implement in others. Our result suggests that high accuracy may also be attainable with carefully

designed content-neutral algorithms.

4.2 Robustness to Manipulation

We next ask when social learning outcomes on a platform are robust to manipulation. Suppose a
manipulator exogenously increases the popularity score of the incorrect stories on the platform in an
attempt to mislead. When A < A*, learning outcomes are robust to a small amount of manipulation:
a one-time finite increase of some stories’ popularity scores does not change steady-state outcomes.
Moreover, we can bound the fraction of injected content needed to introduce a misleading steady
state. When A > \*, such manipulation may be more effective.

To model manipulation, suppose that with probability 1 — ¢ each agent ¢ behaves as in our
baseline model. With probability ¢, agent ¢ does not get to play, the story s; is not posted onto the
platform, and we instead increase the total popularity score of the incorrect stories on the platform

by C + 1 points (if any such stories exist). One interpretation is that ¢ fraction of the users on
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the platform are bots controlled by a manipulator who always shares incorrect stories. We assume
the existence of this manipulation is common knowledge, but the following result would also hold
if agents are unaware of the manipulation. This model of manipulated content gives an especially
simple bound on the robustness of the platform, but one can easily obtain similar bounds under
other assumptions.

We define a bound ¢ = 1—maxy, (1-x)g<1/2 m, which depends on A via the inflow accuracy

function ¢ maj(x). Since ¢ maj(x) is a polynomial, this bound can be calculated by maximizing a

rational function.

Proposition 7. Suppose A < X\*. If v < 1, there is no misleading steady state at any limit equilib-

rium.

The proposition gives a simple lower bound on how much incorrect content can be injected
onto a platform without introducing a misleading steady state. When this lower bound is large,
we can think of a platform as robust to manipulation campaigns. Conversely, when A is close to
A* even small amounts of incorrect content could have large impacts: recall from Corollary 1 that
arbitrarily small changes in news feed composition can have substantial impacts on accuracy.

This lower bound is often sharp, though it need not always be. Whether a misleading steady
state appears when ¢ reaches ¢ depends on whether the majority rule remains a limit equilibrium.
On a platform free from manipulation, Theorem 2 tells us the majority rule is the only limit
equilibrium when there are only informative steady states. But this may not be true in the presence
of manipulated content, as there can an informative steady state where news feed stories are most
likely correct, but they are still less accurate than private signals. So agents will deviate away from
the majority rule even before the ¢ threshold where a misleading steady state appears.

The proof relies on the fact that, as in the proof of Theorem 2, there can only be a misleading
steady state for an equilibrium strategy under parameters that also generate a misleading steady
state under the majority rule. The remainder of the argument checks for a misleading steady
state under the majority rule. Increasing ¢ is equivalent to rescaling the inflow accuracy function
Gomaj(x) downward by a constant factor 1 — ¢, since manipulation never increases the popularity
score of the correct stories. This rescaling will create a misleading steady state when there is a

solution to (1 — ¢)¢,maj(z) = = for x such that Az + (1 — A)g < 1/2. By straightforward algebra,
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the first such solution arises at the value x in this interval maximizing m, and this happens
when t =1 —x = ..

Note that even when ¢ is not large enough to create a misleading steady state, the manip-
ulation will still decrease viral accuracy at the informative steady state. When the maximum
MaX g4 (1-A)g<1/2 m is achieved at the value of x where Ax + (1 — X\)g = 1/2, the informative
steady state will become misleading at the threshold level of . When the maximum is achieved
strictly below this x value, however, a new misleading steady state will emerge discontinuously at
the threshold level of «.

When A > \*, platforms may be much more vulnerable to manipulation. If users are not aware
of the manipulation, then even a finite amount of injected content can make a misleading steady
state much more likely if that content arrives sufficiently early. The impact of manipulation is less
clear when agents are aware of the manipulations, but outcomes remain sensitive to even small

amounts of injected content.

5 Observable Virality

Our baseline model assumes that users do not observe or do not make inferences from the number
of times each story in their news feed has been shared. In practice, users on social-media platforms
usually do observe information about how many agents have shared, upvoted, or liked posts. In this
section, we consider a modification of our model where agents can observe some information about
the virality of the stories in their news feeds. In this new environment where agents can discriminate
between more and less viral stories, news feeds with enough viral content still generate misleading
steady states: we show that every limit equilibrium induces at least one strictly misleading steady

state, provided the platform shows a sufficiently large number of viral stories to each agent.

5.1 A Model Where Agents Observe Virality

Allowing agents to fully observe the virality of stories would be an interesting model, but presents
apparent technical challenges. The state of the platform would be described by the popularities of
all stories, and so the relevant state space grows very large. Similarly, the set of agent observations

grows large and strategies become very complicated objects. To avoid these obstacles, we instead
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consider a model where agents observe some partial information about stories’ virality.

As in the model from Section 2, there is an unknown binary state of nature w € {—1,1}. There
are n agents randomly placed into a sequence, all starting with the common prior that the two
states are equally likely. Each agent i receives a binary private signal about the state, s; € {—1, 1}.
Each private signal is a news story that matches the state with probability ¢, where 0.5 < ¢ < 1.

The platform has two different pools of stories: a regular story pool and a wviral story pool.
After the state of nature is drawn but before the first agent acts, the regular story pool is initiated
with K stories, each matching the state with probability q. The viral story pool is initiated with
another set of Ky stories, each matching the state with some probability ¢’ € (0,1).

When each agent arrives, they automatically post their news story, adding it to the platform’s
regular story pool. They also see a reqular news feed with Kp stories drawn from the regular story
pool and a viral news feed with Ky stories drawn from the viral story pool. (For simplicity, suppose
all sampling is with replacement.) Agents can distinguish between the two different news feeds,
so they can tell whether a given news story in their feed comes from the regular story pool or the
viral story pool. The agent then shares C' stories from the regular news feed and C’ stories from
the viral story feed, where C' < Kp/2. For each shared story that matches the state, the agent
gets utility u > 0. Every time a story is shared from the regular news feed, there is some o > 0
chance that it goes viral: a signal with the same realization is added to the platform’s viral story
pool. Sharing stories from the viral news feed never creates additional viral stories.

The key difference between this model and the model from Section 2 is that we classify each
story on the platform as either “regular” or “viral” and provide each agent with two separate
news feeds that contain these two different types of stories. This is a stylized representation of
a social-media platform that highlights very popular stories in a special section, in addition to
showing users their ordinary news feeds. For example, X displays a selection of “trending” topics
in a separate sidebar, distinct from the news feed of regular tweets. Each time agents in our model
share a regular news story, there is some (possibly very small) chance that it becomes viral — in
the case of X, this corresponds to the algorithm designating a tweet as trending and showing it in

the trending sidebar to other users.

28



5.2 Misleading Steady States with Large Viral Feeds

We begin by adapting the main definitions in our baseline model to the present environment.
We can define a mixed strategy in the game to be o : {—1,1} x {0,..., Kg} x {0,..., Ky} —
A({0,1,...,C} x {0,1,...,C"}), where o(s, kg, ky) maps from the realization of the private signal,
the number of positive stories in the regular news feed, and the number of positive stories in the
viral news feed to the possibly random numbers of positive stories shared from the regular feed and
the viral feed. Strategies must satisfy the relevant feasibility constraints in terms of the numbers
of available positive and negative stories in the two news feeds.

We focus on symmetric Bayesian Nash equilibria where all players use the same strategy and
this common strategy treats positive and negative stories symmetrically, which we call symmetric
equilibria. For fixed parameters ¢, ¢, Kgr, Ky, C,C’, o, a mixed strategy o* is a limit equilibrium if
there exists a sequence of symmetric equilibria (J(j));";l for finite societies with these parameters
and n; agents, where n; — oo and lim; o) = o*.

We define wviral accuracy after person ¢ moves as the fraction of stories in the viral story pool
that match the state, denoted by x(¢). Suppose all individuals in an infinite society use the same
state-symmetric strategy o. Then we get the stochastic process of viral accuracy (z(t))2,, and
we show variants of Proposition 2 and Theorem 1 in the appendix. We call a point z* such that
x(t) — x* with positive probability a steady state induced by o, and this steady state is called
misleading if * < 1/2.

The main message of Theorem 2 is that when news feeds show enough viral content, misleading
steady states will arise. The next result shows this continues to hold when agents partially observe
which stories are viral: as Ky the size of the viral news feed grows sufficiently large, every limit
equilibrium must induce a misleading steady state where a strict majority of the stories in the
platform’s viral story pool are wrong. We now vary the composition of news feeds by changing the
size of the viral news feed rather than the virality weight parameter A in the model from Section
2. A larger Ky and a larger A both lead to misleading steady states. So the overall lesson is that
rational agents can generate misleading steady states on platforms where the news-feed contents
depend strongly on others’ sharing, even when correct information arrives on the platform in every

period and even if agents make some distinctions between viral and non-viral stories.
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Theorem 3. Fiz q,q',C,C’,a. For any Kg large enough so that P[Binom(Kgr,1—q) > C] > 1/2,
there exists some Ky so that whenever Ky > Ky, every limit equilibrium induces at least one

misleading steady state.

An additional assumption needed for Theorem 3 is that the regular news feed is large enough
to have at least a 50% chance of showing each agent C' or more regular news stories that mismatch
the state. Similar to our model from Section 2, in this model misleading steady states arise from
rational agents sometimes sharing wrong regular stories, so we need to ensure enough of these

wrong stories exist in the regular news feed to be potentially shared and go viral.

6 Conclusion

We have developed a model of learning from social media where rational users share stories that
they believe are more likely to match the state. Users see news feeds, which depend on what
stories others share as well as how much weight the platform’s sampling algorithm places on these
sharing decisions. Showing more viral stories can help aggregate more information. But at a
critical threshold, a misleading steady state where users primarily see and share incorrect stories
discontinuously emerges.

We have focused on social-media platforms, but conclude by mentioning two other applications
of our analysis. First, our model could also be interpreted as describing offline information-sharing
dynamics. The parameter A would then measure how frequently people communicate their personal
experiences or private information relative to passing along others’ experiences or information.
Second, related models have been used to describe product adoption dynamics when consumers use
simple heuristics (Smallwood and Conlisk, 1979). Our techniques suggest a path toward introducing

equilibrium behavior into such models.
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A Proofs

A.1 Proof of Proposition 1

Proof. Fixing n gives a symmetric finite game. So by Kakutani’s fixed point theorem, there exists
a symmetric BNE.

Now fix ¢, K, C, and \. For each n, there exists a symmetric BNE ¢(™. Because the space of
strategies o is compact, we can choose a convergent subsequence. The limit of this subsequence is

a limit equilibrium. O

A.2 Proof of Proposition 2

Proof. The proof applies a convergence result from stochastic approximation from Chapter 2 of
Borkar (2023). Suppose agents use strategy o. Without loss of generality, we can condition on

w=1.

Y ={y = (z,2) € [0,1]*}.
Recall pi(s;) is the popularity of signal s; after agent ¢ acts. For each ¢, define y(t) € Y by

_ Zsizl pt(Si)

Dos=1 1
==t :

and Z(t) = T

The first entry of y(t) = (z(t), z(t)) measures the fraction of shares which are shares of signals with
realization 1 up to time t. The second entry measures the fraction of private signals which have
realization 1 up to time t.

We can write

yt+1) =y@t) + — (&t +1) -y(),

where £(t + 1) is the random variable with first entry equal to the fraction of shared signals which
have realization 1 in period ¢t 4+ 1 and second entry is a binary indicator for whether s;4; = 1.

Following the notation of Borkar (2023), we write

hy @) =E[(t+1) |y(®)] —y(t) and M(t+1) =&t +1) —E[E(E+ 1) |y(8)]-
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We can then decompose the change in the stochastic process y(t) into h(y(t)), which depends

deterministically on y(t), and M (¢ + 1), which is a martingale:

Y+ 1) = y(0) + g (hly(e) + M+ 1),

We would like to apply Theorem 2.1 of Chapter 2 of Borkar (2023), which requires the following

assumptions:

(A1) h is Lipschitz continuous.

(A2) 3, H—% = oo while >, ﬁ < 00.

(A3) E[M(t+1)|y(t)] =0 and {M(t)} are square-integrable with
E [[|M(t+ DI | y(0)] < k(1 + [y(0)]?)

a.s. for all n and some s > 0.
(A4) ||y(t)|| remains bounded a.s.

Properties (A2) and (A4) are immediate. For (A3), the martingale property holds by the con-
struction of M (t) and the remaining properties hold because M(t) is bounded (independent of
t).

Property (A1) remains. Since —y(¢) is Lipschitz continuous in y(¢), we must check that
E[&(t+ 1) | y(t)] is Lipschitz continuous in y(t).

Write o1 (s, k) for the expected number of “1” signals that strategy o shares, when the agent’s
private signal is s and k signals in the sample are “1”. Write Pg(x, z, \) for P[Binom(K, Az + (1 —
A)z) = k], where Binom(k, p) is the binomial distribution with % trials and success probability p.

Then for ¢ > K, the conditional expectation of the random variable & (¢ + 1) is equal to

C+1 0<k<K

! (q+ > Pk(:v(t)w(t),k)(qol(l,k)+(1—q)al(—l,k)))-

This is a polynomial of degree at most K in x(t) and z(t), and therefore is Lipschitz continuous on

Y. The conditional expectation of £»(¢ + 1) is constant, and therefore Lipschitz continuous in YV as
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well.

For r = (r1,72), we can define a continuous-time differential equation by letting

#(t) = h(r(t)),t > 0. (1)

An invariant set A of (1) is a set such that r(0) € A implies r(¢) € A for all ¢ > 0. An invariant set
is internally chain transitive if for any r,r’ € A, € > 0 and T' > 0, there exists r® = r,r!, ... " =
r’ € A such that the trajectory of r(t) starting from r(0) = r’ meets with an e-neighborhood of
r't1 at some time t > T.

By Theorem 2.1 of Chapter 2 of Borkar (2023), the stochastic process y(t) converges to an
internally chain transitive invariant set of equation (1). Because r2(t) — ¢, any internally chain

transitive invariant set must be contained in [0, 1] x {¢}. We claim that at any r contained in an

internally chain transitive invariant set A, we must have

dT’l (t)
dt

=0

when r(t) = r. Suppose an internally chain transitive invariant set A of (1) contains a point r at

which
d?"l (t)

0.
i

Letting r(0) = r, we can choose some t' > 0 such that r1(¢') > r1(0) and

d?“l (t)

0
a

at t =t'. Now let r' = r(¢'). We have r’ € A by invariance.

If we consider the trajectory r(t) beginning with r(0) = r/, we cannot have 71 (¢) fall below r1(0)
since 71(0) > 0 and the sign of 74(¢) only depends on ¢ through r1(¢). For e > 0 sufficiently small
this implies that the trajectory r(¢) beginning with r(0) = r’ never enters an e-neighborhood of r.
This contradicts the assumption that A is internally chain transitive.

If A contains a point r at which
d7‘1 (t)
dt

<0,
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we obtain a contradiction similarly. This shows the claim that

d’l“l (t)

a0

at all r contained in an internally chain transitive invariant set.

drét(t) = 0 correspond to the roots of a non-linear polynomial, and

Values of r(t) for which
therefore there are at most finitely many such values. Calling the set of such values X*(1), we can

conclude that x(t) converges almost surely to z* € X*(1). O

A.3 Proof of Theorem 1

We say a fixed point «* of ¢,(z) is a touchpoint if there exists € > 0 such that ¢,(z) < x for all
x#x*in (¥ —€,2% 4+ €) or ¢o(x) > x for all x # 2* in (2" —€,2" + ¢).

Case (i): z* is a touchpoint.

The proof extends the arguments from Theorem 1 of Pemantle (1991). Suppose that ¢, (z) > x
for all x # z* in (z* — €, 2™ + €). The other case is the same.

Fix v € (0,1) and v; € (v,3). Choose v > 1 such that yv; < 3. Define g(r) = rell=r)/(uy),
Then g(1) = 1 and ¢’(1) = 1 — 1/(2v1y) < 0, so we can choose 19 € (0,1) with g(rg) > 1. Also
define

T(n) = ent=ro)/ (),

Then
g(ro)” = riT(n)"/? > 1.

Choose N such that vy < e. Since T(1)/?ry = g(rg) > 1, we can find a > 0 such that
T(1)/27% > ry and therefore T(n)"/?=%ry™ — co. Let 7y = inf{j > T(N) : 2(j — 1) < 2* — ¥ <

x(j)} (using the convention that 7, = —oo if there is no such j). For each n > N, define
Toa1 = inf{j > 7, 1 2(j) > 2* —rg ™).

So 7, is the first time the stochastic process crosses z* — r{.

We will show the probability that 7, > T'(n) for all n > N is positive. Since z(t) — z* from
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below whenever 7, > T'(n) for all n > N, this will complete the case.
Let z(t) be the fraction of private signals up to period ¢ with realization s; = 1. We first bound
the probability that z(¢) is far from ¢. Define a function

_ g+t K P[Binom (K, Az + (1= \)z) =k -[¢-o(1,k) + (1 — q) - o(—1,k)]
1+C

bo,z(2) :

to be the inflow accuracy when a fraction z of past private signals have value 1.

We begin by defining an event % under which the number of private signals with positive
realization is close to ¢ for t sufficiently large. Let % be the event that for all n > N and for all
t>T(n),

Goa(t) () — > —1/T(n)1/27

on (z* —¢€,2* + €). Because ¢, .(x) — x is polynomial (in z and x) and is non-negative on this
interval when z = ¢, this holds for |2(t) — ¢| < B/T(n)"/>=* for some B > 0.
Suppose event €7 holds and 7,, > T'(n). Then we have

J

D @)/ (t+1) = D (bozn(x(t) —a(t)/(t+1)

t=7n t=7n
> — i # Z L by the definition of %
=7 2 T(myi/ee 1Y :

T(m)<t<T(m+1)

o~ log([T(m + 1)]) — log([T'(m)])
- mzn T(m)l/Qfa

o 1-— Tro _ _ _
> _ 1) . e~™(1/2=a)(1=70)/(yv1)
B mz::n( Y1 - ) ‘
_ —n(1/2—a)(1-ro)/(yv1)
_ (1 To n > o€ - - - . 2)
YU1 1—e (1/2—a)(1=r0)/(yv1)

We define y = ({;TTIO + 1) . 1_67(1/2,&140)/(%1), so that the right-hand side is —uT'(n)~(1/2-),

Let %, be the event that for all n > N and for all t > T'(n),

Do) (1) — & <vyrg 3)
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for all x € [z* — yr{,z*]. Because ¢, .(x) — x is polynomial (in z and z) and

d(¢o,q(x) — )
we can choose B’ such that for all n > N we have

bo.2(x) —x < vy1Y

for z € [z* — yry,x*] whenever |z — ¢| < B'r{l (since we can bound the entries of the Hessian
of ¢.(z) — z above by a constant on the rectangle [z* — 7, 2*] x [¢ — 7Y, q + r{']). Because
i > T(n)Y/2~ this holds for |z(t) — q| < B'/T(n)/?~ for some B’ > 0.

Define the event € = %1 N %> to be the intersection of these two events. The event € holds
when |2(t) — q| < min(B, B')/T(n)"/?>=% for all n > N and all t > T'(n). By the Chernoff bound
and the inequalities t > T'(n) and ¢ > 1 — ¢, the probability of |2(t) — ¢| > min(B, B")/T(n)"/?>~ is
at most 2e~min(B.B)?**/(2¢*) " §q the probability that the event ¥ does not hold for some n > N

and all ¢ > T'(n) is at most

9 Z Z 2e—m1nBB 2t2"‘/(2q)

n=Nt=T(n
For N sufficiently large, this sum is approximately

0 min N2\ "=
> 4 (?) O (5 T2 min(B, B/ (26°))

n=N o

s=1e=®) 5 1 as x — oo, this sum

where I'(s, x) is the incomplete Gamma function. Since I'(s,x)/(x
converges to zero as N — oo. Increasing IV if necessary, we can conclude that the event % has
positive probability. For the remainder of case (i), we condition on this event €.

Now let % be the event {inf;-,, x(j) > 2* —~r§}. We will bound the probability of this event
conditional on 7, > T(n). Let Z,, = S.7=L M(t + 1) be the sum of the martingale parts of the

t=m

stochastic process. Because the differences M (t) are martingales with |[M(t)] < (C+1)/(t+ 1), we

E[M i(c+1> ((J+1) ()

t=m m

have

Mg

E[Z,00] =
t

I
3
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‘We have:

P[#° |1, >T(n)] =P 'iilf z(j) <z —rg
L]~ Tn

> T(n)}

<P|inf Z, ;< —(y—1)ry + MT(H)_(1/2_O‘)
Li>Tn

Tn > T(n)] by equation (2)

<E

—Zzn,oo ‘ Tn > T(n)} [((y = 1D)rg — MT(n)_(l/Z_a))Q by Chebyshev’s inequality
< (C+ 1)2e*n(17m)/(vn)((7 — ) — NT(n)f(1/2fa))f2

by inequality (4) and the definition of T'(n).
Recall that T'(n)Y/2=%r;™ — oo, so for n sufficiently large

n — —a Y- 1 n
(3 = 1§ — T ()42 > T

We conclude that
— 1\ 2
P 70 > Tln)) < (€ + 17 (157) glro) ™"

This bounds the conditional probability of the event % not holding.
When the event % does hold and 7, > T'(n),

> hi(y(t)/(t+1) = Y. (G (@) —2()/(t+1)

T(n)<t<T(n+1) T(n)<t<T(n+1)
z(t)<z* z(t)<z*
< Z vyrg /(t + 1) by equation (3)
T(n)<t<T(n+1)
z(t)<z*

< (log[T'(n 4 1)] = log[T(n)])(vyrg)

by the partial sums of the harmonic series
< (oyrg) (1 = r0)/(yvr) +1/T(n))

= (v/v1)(rg —rg™") + vy /T(n).
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Now suppose # holds and 7, > T'(n) but 7,41 < T'(n +1). Then

Tn+1—1
Ly g1 = 2(Tnt1) — 2(7n) — _Z hi(y(t))/(t+1)
> 2(Tnt1) — (7o) — > h(y(1))/(t+1)
T(n);(i)<<7;c(*n+l)

>y — gt — &, — (vfvr) (ryy — v — vyrl /T(n) by the inequality above and definition of 7,

=ry(1—=ro)(1 —v/v1) — & —vyry /T (n),

where &, is an error term since z(7,) may be larger than z* — r{f and En=En+ vyrg /T (n). Since

the error term &, is at most 1/7'(n) and therefore is lower order than r{, we have

rB(1—ro)(1—v/v1) — &
L —ro) (1 — o)

1 (5)

as n — oQ.

Combining our bounds, we have:

Plirps1 <T(n+1) |1 >T(n)] <P[B |1, >T(n)]+

P l%’ SUP Zr, 7pi1 2 o (1 —ro)(1 —w/v1) — gn

Tn+1

Tn > T(n)]

E[Z7, oo | Tn > T(n)]
(r§ (1 = ro)(1 = v/v1) = &u)?

<017 (151) g0+

by Chebyshev’s inequality
(C+1)°T(n)~ !
(rg (L =ro)(1 —v/v1) — &n)?

<012 (1) g0+

by inequality (4)

<017 (151) gty

3 —om, r”(l—?‘o)(l—v/vl)_gn
(C+ 1P = ro) (1= wfwn)) Pglro) - T T P,

We claim that the sum of these probabilities converges. The sum of the first terms converges

because g(rg) > 1. For the second term, recall that the fraction TE‘L%(_I@S(_IU_/;)}B):)&

converges to 1.
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So the sum of the second terms also converges because g(rg) > 1.

We have
Plr, > T'(n) for all n > N| = Plry > T(N)] ﬁ (1 =Plrpt1 <T(n+1) |1 > T(n))).
n=N

On the right-hand side, each factor in the product is positive and

Z Plrp+1 <T(n+1) |1, > T(n)]
n=N

is finite. By a standard result on infinite products, this implies the product is positive. So the
probability that 7, > T'(n) for all n > N is positive, which implies that the probability 7(z*|o) of
converging to x* is positive.

Case (ii): There exists € > 0 such that ¢,(z) > x for all x € (z* — ¢,2%) and ¢,(z) < z for all
x € (x*, 2% + ¢).

Our argument is based on the related result for generalized Pélya urns from Hill, Lane, and
Sudderth (1980). We begin with a lemma, which says that suitably changing a stochastic process
away from a neighborhood of a fixed point does not affect whether we converge to that fixed point

with positive probability:

Lemma 2. Suppose

S+ 1) =50 + 1 £+ 1) -50).

where the conditionally i.i.d. random variables £(t + 1) have the same conditional distribution as
£(t + 1) in a neighborhood U of (z*,q), have the same support as £(t + 1) for all (z,z) € (0,1)?,

and have expectations E[£(t + 1)] that are Lipschitz continuous in (x,z). Then x(t) converges to x*

with positive probability if and only if T(t) = y1(t) does.

Proof. The stochastic process x(t) converges to x* with positive probability if and only if there exists
some T and some (x(T"), z(T")) reached with positive probability under y(¢) such that starting with
initial condition (x(7T), 2(T")), with positive probability x(¢t) — z* and (z(t),2(t)) € U for t > T.

Because the random variables £(¢) have the same support as () whenever x and z are interior,

the point (x(T"), 2(T")) is reached with positive probability under y(¢) if and only if it is reached with
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positive probability under y(¢). Because £(t) and &(t) agree on U, starting with initial condition
(z(T), 2(T)), with positive probability Z(¢t) — z* and (Z(t),z(t)) € U for t > T if and only if the
same holds for (z(t), z(¢t)). These conditions hold for some (z(T'), 2(T")) if and only if Z(¢) converges
to x* with positive probability. O

Now choose £(t) satisfying the conditions of the lemma, agreeing with £(¢) in the second co-
ordinate, and such that the unique fixed point of the corresponding function &,(m) is z*. To do
so, choose an open neighborhood U of (z*,q) such that z* is the unique fixed point of ¢, (x) with
(z,q) € U. Let £(t) = £(t) on the closure U of U. For each z, let £(t) be constant in z outside of
the neighborhood U.

Then £(t) and £(t) have the same support for all interior # and z. Lipschitz continuity follows
from Lipschitz continuity of the expectations of £(¢) in x and z, which we checked in the proof of
Proposition 2.

Since x* is the unique fixed point of ¢, (), by the same argument as in Proposition 2, we

have Z(t) — x* almost surely. Note that this step uses Lipschitz continuity of E[{(t + 1)]. So by

Lemma 2, z(t) — x* with positive probability.

A.4 Proof of Lemma 1

Proof. If x > 1/2, then sampling accuracy is Az + (1 —X)g > 1/2 since ¢ > 1/2 also. If < 1/2 and
¢gmaj(x) = x, then the sampling accuracy must be strictly less than 1/2. Otherwise, if sampling
accuracy is 1/2 or higher, then the majority rule implies Zi(:o Pu(x,)\) - [q - o™3(1,k) + (1 —
q) - 0™ (—1,k)] > C/2 and s0 ¢ymai(x) > 1/2. Finally, if x = 1/2 were a steady state, then its
sampling accuracy would be at least 1/2, so again by the same reason we would have ¢ maj(z) > 1/2,

a contradiction. O
A.5 Proof of Theorem 2
A.5.1 Preliminary Lemmas

We first state and prove three preliminary lemmas.

Lemma 3. Suppose o is state symmetric, E[o(1, k)] > E[o(—1,k)] for every 0 < k < K, and that

o(1,K/2)(C) =1, 0(—1,K/2)(0) =1 if K is even. If sampling accuracy at x is weakly smaller than
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1/2, then ¢ymei(x) < ¢o(z). If sampling accuracy at x is strictly smaller than 1/2 and o # ™Y,
then ¢ymei(x) < ¢o(x).
Proof. We have

_q+ Prpa(x,A) - q- C+ Yo geyo Pi(a, A) - C
B 1+C

G gmaj (:E)

We first note that in a news feed with K/2 out of K positive stories, by assumption on ¢ it must
share C' positive stories that match the private signal, so both strategies contribute ¢ - C' correct
shares in expectation.

For each k£ > K/2, by symmetry we have E[o(1,k)] = C — E[o(—1, K — k)] and E[o(—1,k)] =
C—Elo(1,K — k).

We have

Pyp(@,A) - (q-E[o(1, k)] + (1 = q) - E[o(=1,k)]) + Px—k(z,A) - (¢ - E[o(1, K = k)] + (1 = q) - E[o(~1, K — k)])
=F(z,A) - (¢- (C = Elo(-1,K - k)]) + (1 - q) - (C = E[o(1, K — k)]))

+ Pr_(@,N) - (q- Elo(1, K — k)] + (1 q) - Elo(~1, K — k)
—Py(z,)) - C — Py(, ) - (qB[o(—1, K — k)] + (1 — @)E[o(1, K — k)])

+ Py (@) - (q-E[o(L, K — k)] + (1 — ) - E[o(~1, K — k)
>Py(w,\) - C — Pu(z,A) - (qE[o(~1, K — k)] + (1 — @)E[o(1, K — k)])

+ Prr(2,2) - (1 —q) - Elo(1, K = k)] + ¢ - E[o(-1, K - k)])

using the fact that ¢ > 1/2 and E[o(1, K — k)] > E[o(—1, K — k)] by the hypothesis on o.
Suppose x is weakly misleading, so Az + (1 — X\)g < 1/2. Then Pg_i(z,A) > Pg(z,A) since
k > K/2. This shows when w = 1, the expected number of positive stories shared by o with a k
majority in the news feed is weakly larger than that shared by o™, So ¢ymai(x) < ¢y (z).
Now suppose x strictly misleading, so Az + (1 — A)g < 1/2. Then Py(z,\) < Pg_(z,\) and
the final term is strictly larger than Py(z, \) - C except when E[o(—1, K — k)] = E[o(1, K — k)] = 0.
This shows we get ¢ymaj(r) < ¢y (x) except when o(—1,k) = o(1, k) is the degenerate distribution

on 0 for any k < K/2, which by symmetry only happens when o = o™, O

Lemma 4. Suppose o is state symmetric and o(1,k)(C) = 1 for every k > K/2. Then, ¢, does
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not have any fized point x with Az + (1 — X)g > 1/2 and = < q.

Proof. Suppose by way of contradiction that such a fixed point z exists. Let y = Az + (1 — \)g
be the sampling accuracy, and note z < y < ¢, with y > 1/2. Expected number of positive stories

shared by each new agent when w =1 is:
K
. z Pul@N) - Elo(L k)] + (1= ) - 3 Pele, ) - Elo(~L F)].
k=0

We know E[o(1,k)] = C > E[o(—1,k)] for each k& > K/2, and conversely E[o(—1,k)] = 0 <

E[o(1, k)] for each k < K/2. This means YK o P(z,\) - E[o(1, k)] > oK Pe(z, \) - E[o(—1, k)].

Since ¢ > y > 1/2, this expected number of shared positive stories is at least

K
y- > Pu(z,\) - Elo(l, ZPk z,\) —1,k)].
k=0

For each 0 < k < K/2,

SO

(1—9)  Pg_p(z,\) -Elo(-1,K — k)] >y Pe(xz,\) - E[lo(—1, K — k)]

and the inequality is strict for £ = 0 because y > 1/2 and o(—1, K) must share C positive stories

as there are no negative stories in the news feed. So we have

K
y- Y Pu(z,\)-Elo(1,k ZPIMC)\ (=1, k)]

k=0

=y- Y Pu(z,N) - C+y- > Pz, A E[o(lLk)]+ - Y Pu(z,A)-Elo(—1,k)]
k>K/2 k<K/2 k>K/2

>y- > Pe(@,A)-CHy- Y. Pulz,\) - Elo( - > Py(z,A\)-Elo(-1,K — k)]
E>K/2 k<K/2 k<K/2

:y-ZPkm)\ C+y- ZPkJE)\
E>K/2 k<K/2

44



where the last step uses the symmetry condition E[o(1,k) + o(—1, K — k)] = C for k < K/2. The
last expression is yC, thus ¢,(z) > % > % = y > x. This contradicts = being a fixed
point. Hence there are no fixed points of ¢, that satisfy both conditions in the statement of the

lemma. O

Lemma 5. For each € ,¢" > 0, p € (0,1), strategy o* and 0 < X\ < 1 with ¢§* () —x > 2€ for
every x with Ax + (1 — X)q < p+ 2€' (where ¢§* is the inflow accuracy function with virality weight
), there is some N and some § > 0 so that for every o with |0 — o*||2 < & and X with |\ — \| < 4,

we have Py z[Ax(t) + (1 = X)g > p+€/2] > 1—€" for everyt > N.

Proof. Because ¢ (z) is polynomial in A, o, and x, there exists § > 0 such that ¢} (z) —x > ¢ for
every x with Az + (1 — A\)g < p+ ¢ when ||[6* — o|]2 < § and |X — A\| < §. Shrinking § if necessary,
we can also assume that \ is bounded away from zero when |A — | < 4.

For the remainder of the proof, fix ¢ and A in these neighborhoods. We will observe at the end
of the proof that the bounds we will prove are uniform in the choice of o and .

Let p’ > p+ € be the largest number in (0, 1) such that
Po(x) —2 = €/2 (6)

for all z satisfying Az + (1 — N\)g < p/. Let N; < Ny be positive integers with Ny > bN; for
some integer b > 1. We will first show that for N; and Ny large enough, the probability that
Ax(t) + (1 — N)g < p/ for all t € [Ny, N] is small. We will then show that if Ax(t1) + (1 — N)g > p/
for some Ny < t; < N, then the probability that Az(N2) 4+ (1 — X)g < p + €'/2 is small.

By the Chernoff bound applied to z(t) and compactness of the set of strategies o under consid-
eration, we can choose a constant B > 0 independent of ¢ such that

i (6 (2) — 6o (@)] < /4 ™

with probability at least 1 — 2e~B? for ¢ sufficiently large.

Recall that we can decompose y(t) as

y(t+1) =y(@) +h(y(t) + M(t +1),
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where h(y(t)) is deterministic and M (¢ 4+ 1) is a martingale. We have |M(t)| < 2(C + 1)/t for all

t. So by Theorem C.7 from Appendix C of Borkar (2023), for any a > 0 and any ¢; and to,

t
Pl sup
(t1 <t<ts Z

i=t1

a2
S
M(i)| > a) < e iy HOTVUE (8)

Consider the event E that A\z(t) + (1 — X\)g < p’ for all Ny < ¢ < N,. Suppose inequality (7)

holds for all N1 <t < Nsy. Then we have

N ey (@) — () | N

2(No) —2(Ny) = > T + Y M(t+1)
t=N; t=N1
Na—1 Ny—1 Ny—1
_ - Prew@®) —do(at)) | IS do(x(t) —2() S~y g
2 P 2 T T MesY
N3—1 1 Ny—1
> Z €/4- ] + Z M (t + 1) by inequalities (6) and (7)
t=N; t=Ny
Np—1
> (¢//4)(log(V2) — log(N1)) + 3 M(t+1).
t=N1

When event F holds, the right-hand side must be at most p’/A. Taking b and therefore No/Np

sufficiently large, we can assume that
(€' /4)(log(N2) — log(N1)) > 2p' /.

By equation (8), the absolute value of the sum of martingales is greater than p’/\ with probability

at most
_ @' /0?2
de Z?ENI 4(C+1)2/(i+1)2

/NNy _@/NEN
< 4e 8(C+1)2(Ng—Nyp) < 4e 8(C+1? |

Along with the Chernoff bound, this gives an upper bound on the probability of event F.

If event E does not hold, there exists some Ny <t < Nj such that Az(t)+ (1 —\)g > p’. Choose
t1 so that t; — 1 is the largest such t.

Suppose Az(Na) 4+ (1 — N)g < p+ €'/2. For Nj sufficiently large, this implies t; < Na. So we
must have

2(Na) = w(t1) < (p+¢'/2) — ) /A < =€/ (2N).
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On the other hand, when inequality (7) holds for all N1 <¢ < Ny,

No—1 (1) — z No—1
2(V) —aft) = 3 Lo ZH S 1

t=t1 t=t1

Na—1 T — T Na—1 T -z et
-y Letal) —0eeO) N ol Zolt) Ny 4

t=t, t+1 t=t1 t=t1
Np—1 1 Na—1
/ : o
> t; €/4- g + t; M(t + 1) by inequalities (6) and (7)
=1 =l1
No—1
> (¢/4)(log(Ny) — log(t1) + 3 M(t+1)

t=t1

Applying equation (8) with o = €/(2)), the absolute value of the sum of martingales is greater

than €'/(2\) with probability at most

— (¢ /02Nyt (¢ /32t
2 2 /(s 2 ___\e/A) Naty1 _ L€ 1
Jo Loitn HOTVHEDT ) TN < 4 3CHDY

When this does not hold and the Chernoff bounds apply, z(N2) — x(t1) is greater than —¢'/(2))
and therefore Az(Na) 4+ (1 — N)g > p + € /2 if Ny is sufficiently large. This gives an upper bound
on the probability that Az(Na) + (1 —N)g < p+€/2.

We conclude that

@'/ Na—1 (/N3 No—1
Po[Az(No) + (1= N)g <p+€/2] <de ST 4 N~ ge 320307 +2 Y~ 7P
t=N;+1 t=N1

for N; sufficiently large. Because the second and third terms are geometric series, we can choose
Nj sufficiently large so that this probability is less than €’ for all No > bN;. Because X is bounded
away from zero, we can make this choice uniformly in A and o (subject to the constraints [A—A| < §

and ||c — o*||2 < ). So for N; sufficiently large, we have

Py Az(t)+(1=XN)g>p+€/2]>1—¢

for t > N = bN;. O
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A.5.2 Proof of Theorem 2

Proof. Part 1: Fix 0 < A < \* and suppose ¢* is a limit equilibrium.

Step 1: Either o* = 0™, or all fixed points of ¢4+ are strictly informative.

We verify that o* satisfies the hypotheses of Lemma 3. Note ¢* is the limit of a sequence of
symmetric BNEs (O'(i)), where every o is state symmetric. Also, in the i-th finite society under
the equilibrium o, belief about {w = 1} must be weakly higher after observing k positive stories
and s = 1 than k positive stories and s = —1 for every 0 < k < K. So by optimality of ¢(¥, we have
E[c® (1, k)] > E[c® (1, k)] for every i and every 0 < k < K. The limit o* must also satisfy state
symmetry and E[o*(1, k)] > E[o*(—1, k)] for every 0 < k < K. Also, when K is even, by the state
symmetry of the equilibrium o9 we know that a news feed with K /2 positive stories in society i
generates an equilibrium posterior belief that both states are equally likely. Thus, optimality of
o® implies ¢ (1, K/2)(C) = 1 and ¢ (-1, K/2)(0) = 1. The limit o* must then also satisfy
o*(1,K/2)(C) =1, o*(—1,K/2)(0) = 1.

If ¢,+ has a strictly misleading fixed point and o* # ™8 that is some = € [0, 1] with Az +
(1 —X)g < 1/2 and such that ¢,«(x) = z, then by Lemma 3 we get ¢,maj(x) < x. But we also have
Demaj(0) > 0, which means ¢, ma;j has a strictly misleading fixed point in (0, x) by the intermediate-
value theorem, and further ¢, ma; will continue to have a nearby fixed point for nearby values of A.
Since x < 1/2, this implies for some A < \*, ¢, maj has a fixed point in [0,1/2], which contradicts
the definition of A\*.

If there is some x with Az 4+ (1 — A\)g = 1/2 and such that ¢,«(z) = z, then by Lemma 3 we
get Pymaj(z) < z. But since the sampling accuracy at x is exactly 1/2, every sample is as likely as
its mirror image, so the majority rule is expected to share at least C'/2 correct stories out of C,
hence ¢y maj(z) > 1/2 after accounting for the arrival of new stories that tend to match the true

state. This is a contradiction. Thus, every fixed point of ¢,+ must be strictly informative unless

Step 2: If A < \*, ¢+ only has fixed points in (g, 1]. If A = \*, either 0* = 0™ or ¢4+ only
has fixed points in (g, 1].
aj'

We first show all fixed points of ¢+ are strictly informative, except when A = A* and ¢* = o™

If A < X and 0* = 0™, by definition of \* we know that all fixed points of ¢4+ are strictly
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informative. And if 0* # o™, then by Step 1, all fixed points of ¢+ are strictly informative. If
A=\ and o* # ¢™¥, again Step 1 implies all fixed points of ¢,« are strictly informative.

We verify that, except when A = \* and o* = o™, ¢* is such that o*(1,k)(C) = 1 for
every k > K/2, and thus satisfies the hypotheses of Lemma 4. Since all fixed points of ¢,
are strictly informative, there exists some ¢ > 0 so that ¢,«(x) — 2 > 2€ for every x where
Az + (1 —=X)g < 0.5+ 2¢. Find some ¢’ > 0 so that

(0.5 + € /4)E/2HL . (0.5 — ¢ J4)K-1E/21=1. (1 — 3¢”) o1 (©)
(0.5 + ¢ JA)K-LK/2]=1. (0.5 — ¢ /4)LE/2]+1 . (1 — 3€") + 3" ~

Apply Lemma 5 to these ¢/, ¢” and p = 1/2 to find N and 4. Also, by the law of large numbers,
we may find N’ so that P[|Binom(t,q)/t — q| > €'/4] < € whenever t > N’, where Binom(t, q)
refers to a binomial random variable with ¢ trials and ¢ success probability. Since o - o*,
there exists I so that [|c(® — ¢*||s < § whenever i > I. For all i > I large enough, we must have
max (N, N')/(n;—K) < €. But in the equilibrium o in society 4, we know that agents’ equilibrium
belief about sampling accuracy for any position in {max (N, N'), max(N, N')+1,...,n;} assigns mass
at least 1—2¢” to the region [0.5+4¢€'/4,1]. This is because if we have both Az(t)+(1—X)g > 0.5+¢€/2
and |z(t) — ¢| < € /4, then we also have A\z(t) + (1 — X\)z(t) > 0.5 + €' /4 — the former event has
probability at least 1 — ¢ when ¢ > N and latter event has probability at least 1 — ¢’ when
t > N’. Hence, equilibrium belief about sampling accuracy for a uniformly random position in
{K+1, K+2,...,max(N, N'), max(N, N')+1, ...,n;} assigns mass at least 1 —3¢” to the same region.
Thus, the expression on the LHS of Equation (9) gives a lower bound on the the posterior likelihood
ratio of w = 1 and w = —1 after seeing a sample containing k positive stories in equilibrium o,
for any k > K/2. Hence, by optimality, o9 (1,k)(C) = 1 for every k > K/2. Also, for any belief
about sampling accuracy, a sample with & = K/2 is uninformative, so if K/2 is an integer then
o@(1,K/2)(C) = 1 by optimality. Thus we see for all large enough j, o9 (1, k)(C) = 1 for every
k > K/2, hence the same must hold for the limit o*.

Combining the conclusion of Lemma 4 (which rules out steady states at or lower than ¢ with a
sampling accuracy strictly higher than 1/2) with the argument at the beginning of Step 2 (which
rules out steady states with sampling accuracy 1/2 or lower), we have completed this step.

Step 3: o* = ™%,
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By Step 2, we just need to establish this when ¢,+ only has fixed points in (g,1]. By state
symmetry it suffices to show that o*(—1,%)(C) = 1 for every k > K/2. Since ¢4+ only has fixed
points in (g, 1], there exists some €’ > 0 so that ¢y« (z) —x > 2€ for every x where Az + (1 —\)g <
q + 2€¢'. Find some €” > 0 so that

(q+€//4)LK/2j+1_(1_q_€//4)K7LK/2j71_(1_36//) N q
<q +6//4)K—LK/2J—1 . (1 —q— 6//4)LK/2J-1—1 . (1 _ 361/) + 3¢’ 1— q-

(10)

Apply Lemma 5 to these ¢/, ¢’ and p = ¢ to find N and §. Also, by the law of large numbers, we
may find N’ so that P[|Binom(t, ¢)/t —q| > €//4] < €” whenever ¢ > N’, where Binom(t, q) refers to
a binomial random variable with ¢ trials and ¢ success probability. Since o(9 — o*, there exists I so
that ||o(®) — 6*||2 < § whenever 7 > I. For all i > I large enough, by the same arguments as in Step
2, the expression on the LHS of Equation (10) gives a lower bound on the the posterior likelihood
ratio of w = 1 and w = —1 after seeing a sample containing k positive stories in equilibrium ¢® in
society 4, for any k > K /2. So even if the private signal is s = —1, the w = 1 state is still strictly
more likely, and oV (—1,%)(C) = 1 by optimality. So we also have in the limit o*(—1,k)(C) = 1
for every k > K/2.

Part 2: For A < \*, 0™ has a unique steady state.

For K odd, we have
4+ O k2 Pr(, )

Pmai (x) - 1+C .
By straightforward algebra, we can show that
C\K K-1
@) s (¥) = ——P |Binom (K — 1, Az + (1 — \)g) = ——| .

C14+C

If A\ =0, then ¢/ ..;(x) is constant in x, S0 @,maj () cannot intersect y = x multiple times. If A > 0,
then ¢/ ..;(x) is strictly decreasing in « € (3, 1], S0 ¢p,ma;(z) is strictly concave for z € (1,1]. Since
Pomai(0) > 0, at the first fixed point 2* with ¢ymaj(2*) = 2*, we must have ¢/ ...;(z*) < 1. We have
z* >1/2 by Part 1, so strict concavity of @,mai(2z) in (1,1] ensures that there are no fixed points

larger than x*. There is a unique informative steady state.
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For K even, we have

4+ qC sk Pk Az + (1= N)q) + (1 — )C Yp> (r/2) 41 Pk, Az + (1 — A)g)

Pomai (1) = = C
So
@ mai () = filé . <qIP’ [Binom (K —1,y) = % - 1} +(1—q)P [Binom (K —1,y) = I;]) ,

where y = Ax 4+ (1 — A)g. The term in parentheses is proportional to

9(y) = (g1 —y) + (1 — Q) (y(1 — y)) />,

For A > 0, the derivative % has the same sign as the derivative

99 _

By = (w1 —y) 22 (K/2 = 1) 2y — 1)(a2y — 1) —y) — 2 — 1)(1 — y)y),

which is strictly negative for y € (%, 1).

Since y € (3,1) whenever z € (3,1), we conclude that ¢,ma;(z) is strictly concave for z € (3,1)
if A > 0. By the same arguments as before, there is a unique informative steady state.

Part 3: Now, suppose A > \* and suppose ¢* is a limit equilibrium.

Step 1: ¢, must have a weakly misleading fixed point.

If not, then there exists some € > 0 so that ¢« (2)—x > € for every x where Ax+(1—X\)g < 0.5+€.
By repeating the arguments in Part 1, Steps 2 and 3, we conclude o* = o™,

But we show 0™ has a strictly misleading fixed point for every A > A\*. By the definition of
A*, we can choose some X with A* < ) < X such that there exists a strictly misleading fixed point
2’ under o™ at \' (we get “strictly” because by Lemma 1, 1/2 is not a fixed point of o™ and all
fixed points in [0,1/2) are strictly misleading). We rewrite the inflow accuracy function ¢,(z) as
oo (, N) to make explicit its dependence on .

Observe ¢, (z, A) only depends on = and A through the value of Az + (1 — \)q. We can define =
by

Az + (1—=XN)g=Nz"+(1-XN)gq.
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Since M < X and 2’ < ¢, this equality implies that = > z’. For 2’ to be a strictly misleading fixed
point under the majority rule we must have Nz’ + (1 — X)q < %, and therefore z < % as well.

So
¢amaj (%, )‘) = ¢0maj (xla )‘/) = 1,‘/,

where the second inequality holds because 2’ is a fixed point under o™ and ). So we conclude
that ¢ymai(z, A) < z. Since ¢ maj(—1,A) > 0, by the intermediate value theorem there is some fixed
point of ¢ maj between 0 and x. Since x < %, this is a strictly misleading fixed point, contradiction.

Note that since ¢,+(0) > 0, the first weakly misleading fixed point of ¢« is stable at least from
the left, so it is also a weakly misleading steady state.

Step 2: ¢,+ cannot have a fixed point with a sampling accuracy of exactly 1/2.

Each (), by optimality, has the property that E[o() (1, k)] > E[o?)(—1, k)] for every 0 < k < K.
So we must have E[o*(1, k)] > E[o*(—1, k)] for each 0 < k < K. Suppose Az + (1 — \)g = 1/2 and
oo+ () = x. For each 0 < k < K/2, we get

Pu(@,N) - [q-Elo™ (1] + (1~ ¢) - Elo™ (~1, k)] + Pr_i(2. ) - [q- Elo* (1K — k)] + (1~ q) - Elo™ (-1, K — )]
—Pu(2, ) - [q-E[o" (1k)] + (1 = q) - Elo" (L, k)] + ¢ - Elo" (1L, K — k)] + (1 — q) - E[0" (~1, K — k)]

since Py (z, \) = P_y (2, \)
—Pu(w, ) - [q-E[o* (1K) + (1 = q) - Elo" (=L, k)] + ¢ (C — E[0" (=L, k)]) + (1 = ) - (C — E[o” (L, K)])]
=Pu(w,\) - [C + (2 — 1) - E[o*(1,k)] — (2¢ — DE[0" (=1, k)]
>Py(x, \) - C because E[o* (1, k)] > E[0*(—1,k)] and 2¢ — 1 > 0

2Pz, A) - [C/2] + Pr (2, A) - [C/2]

Also, if K/2 is an integer, we have E[o*(1, K/2)| +E[o*(—1, K/2)] = C and E[o*(1, K/2)] > E[o*(-1, K/2)],
so ¢ > 1 — g implies ¢ - E[o*(1,K/2)] + (1 — q) - E[o* (-1, K/2)] > C/2. Thus, we conclude Zf:o Pr(x,\) -

lg-E[lo"(1, k)] + (1 = q) - E[o"(=1,k)]] = C/2. So

_ 9+ Pr(@ N - g Elo* (LK) + (1~ ) - Elo*(=1LK)]] _ ¢+ C/2

P+ () : e > 56 >1/2

since ¢ > 1/2. But this means Agq+(x) + (1 — X\)g > 1/2, contradiction. O
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A.6 Proof of Proposition 3

Proof. Let A < ) < X\* and suppose that z* is a steady state under \. We want to show that there
exists a steady state (z')* > z* under .

As in the proof of Part 3 of Theorem 2, let ¢,(x,\) be the inflow accuracy function with its
dependence on A. By monotonicity, ¢,maj(x,A) is strictly increasing in A when z > ¢. By Theorem

2, we have z* > ¢ and therefore
2% = Gymai (25, N) < Pmai(x*, N).
Since ¢ maj (1, \') < 1, by the intermediate value theorem there exists (z')* € (z*,1) such that
Pomai ()", N) = (2')".

This is a steady state under )\ that is greater than z*.

A.7 Proof of Proposition 4

Proof. Fix some K, and let A*(q, C') be the critical virality value for (K, C, q). Write ¢ymaj(x; A, q, C)
for the inflow accuracy function, emphasizing its dependence on the parameters.

First, note that if A\*(¢, C) is finite, then at every A > \*(q,C), ¢,mai(z; A, ¢, C) has a strictly
misleading steady state.

Part 1: \*(¢,C) increases when ¢ increases. We have ¢ — ¢ maj(x; A, q,C) is always

K
Q+Zk:(K+1)/2 Py (z))-C
1+C

strictly increasing. For K odd, we may write ¢ maj(x; X, q,C) = . For any
p’ > p, we can think of the experiment of tossing K coins each with a probability p’ of landing
heads as the experiment of first tossing K coins each with a probability p of landing heads, and
then independently flipping each tail to a head with some probability h so that p+ (1 — p)h = p/.
This shows that EkK:( K+1)/2 Pe(2, A) is strictly increasing in Az + (1 — A)g (since the possibility of
changing some tails to heads can only increase the total number of heads in the experiment), so

it is weakly increasing in ¢. Also, the numerator of ¢ maj(x; A, ¢, C') contains the term ¢, so this

shows the entire numerator is strictly increasing in gq. For K even, we may write ¢,maj(x; A, ¢, C) =
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K
Q+[qPK/2(mv/\)+Zk:(K/2)+1 Py (ZL‘,)\)]C
1+C

. For any fixed § < 1, GPg/2(w, \) + EkK:(K/Q)H Py(x,\) is strictly
increasing in Az + (1 — A)g. This is because the possibility of changing some heads to tails keeps
outcomes where k > (K/2) + 1 in this same class, while outcomes with £ = K /2 have a positive
probability of changing to the class k > (K/2) + 1, thus contribution 1 instead of § < 1 to the
sum. Hence qPg/o(x, ) + ZkK:(K/Q)_H Py(x,\) is weakly increasing in ¢, and the numerator of
Demaj (23 N, q, C) is strictly increasing in q.

Suppose A*(¢q,C') = 0o and ¢gmaj(2; A, ¢, C) has no root in z € [0,1/2] for any A € [0, 1]. Since
Pgmai(0; A, ¢, C') > 0, by continuity this means for every A € [0,1], ¢omaj(z; A, q,C) > z for each
x € [0,1/2]. For any ¢’ > ¢, we have ¢ymaj(z; X, ¢, C) > ¢ymaj(z; A, q,C) > z for every = € [0,1/2]
and X € [0, 1]. So again, \*(¢/,C) = oco.

Now suppose \*(g, C) is finite. We know also that \*(q,C) > 0 since ¢ maj(x; A, ¢, C) has no
fixed point in x € [0,1/2] when A is near enough 0. If we have ¢ maj(z'; A\*(q, C), ¢, C) < 2’ for any
x’ € [0,1/2], then by continuity there is some 0 < X\ < X\*(¢, C) that still has ¢ maj(z'; N, ¢, C) < 2/,
which means ¢ mai(x; A, ¢, C) has a root in € [0,1/2) by the intermediate-value theorem. This
contradicts the definition of A*(¢, C'). So we must instead have ¢,ma;i(x; \*(g, C), ¢, C) > x for every
x € [0,1/2]. This means for every ¢’ > ¢, ¢pymaj(x; \*(¢,C),q',C) > x for every x € [0,1/2], that
is @gmaj(2;M*(q,C),¢',C) has no fixed point in [0,1/2]. This means that ¢,maj(z; \*(¢,C),q’,C)
does not have a strictly misleading steady state. So either \*(¢’,C') = oo, or A\*(¢/, C) is finite but
X(q,C) > N (q,C).

Part 2: )\*(q,C) increases when C decreases. If ¢/ < C, then ¢ maj(z; A, q,C") >
Pgmaj (75 A, q, C') at every x where Az + (1 — \)g < 1/2. To see this, first suppose K is odd. Then at

such =z, ZkK:(K_H)/Q Py(z,A) <1/2, and we have

d 4t ik P@ N - C S ey Pa(@ A) - (14 C) = (0 + Sk sy 2 Prla, ) - )
dcC 1+C B (14 C)?
B Zsz(K+1)/2 Py(z,A) —q
B (1+0)?

<0

using the fact that ¢ > 1/2.

If instead K is even, then we have Py(x,\) < Px_k(x,\) for every k > (K/2) + 1. This means

Zf:(K/2)+1 Py(z,\) < % “[1 = Pga(z,N)], so then qPg/o(z,\) + Z?:(K/Q)—',—l Py(xz,\) < q since
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q > 1/2. We have:

d (q + [aPrc /o (2, N) + 5 (1¢j2) 11 Pel, A)] - C)

dC 1+C
laPg (@, A) + Z?:(K/Q)Jrl Pz, N)] - (1+C) = (g + [aPr/2(x, A) + Zsz(K/2)+1 Py(z,N)] - C)
- (14 C)?
:qPK/Q('Ia A) + ZII::(K/QH-l Pi(z, ) — ¢ <0

(14 C)?

Suppose A\*(g,C) = 0o and ¢gmaj(z; A, ¢, C) has no root in z € [0,1/2] for any A € [0, 1]. Since
Pgmaj(0; A, g, C') > 0, by continuity this means for every A € [0, 1], ¢pymaj(x; A, q,C) > x for each z
with Az + (1 — A)g < 1/2. For any C' < C, we have ¢gymaj(z; )\, q,C") > Pymaj(x; N, q,C) > z for
every x with Az + (1 — A\)g < 1/2 and A € [0, 1]. That is, ¢ymaj(x; A, ¢, C’) does not have a strictly
misleading fixed point for any A € [0, 1], which means A*(¢,C") = cc.

Now suppose A*(gq, C) is finite. Again, we have \*(¢q,C) > 0 and ¢ ma;j(z; A*(¢,C), q,C) > x for
every x € [0,1/2] by similar arguments as before. This means for every C’ < C, ¢pymaj(z; \*(¢,C), q,C") >
x for every x with Az + (1 — X)g < 1/2, that is ¢ymaj(2;A*(q,C), ¢, C") has no strictly misleading
steady state. So either \*(q, C") = oo, or A*(¢q,C") is finite but A*(¢,C") > X\*(¢, C).

Part 3: Comparative statics in K. Now, fix g and C. For simplicity, denote ¢ maj(z; A, ¢, K, C)
by ¢(z; A, K), and let p := Ax + (1 — X)g. Then, PIEK) (x,\) = (Ik{)pk(l — p)E=F. We can rewrite:

PEY 2, 0) =p- PX) (2, 0) + (1= p) Pz, ). (11)

By the same arguments as in Part 1 and Part 2, it suffices to show that for 0 < A < 1 and
for every x such that Az + (1 — \)g < 1/2:

o If K is odd, then ¢(x; A\, K +1) > ¢(x; A\, K)

o If K +1iseven, then ¢p(x; A\, K +1) > ¢(x; N\, K + 2)

o For any K, ¢(x; N\, K) > ¢(z; A\, K + 2)

Case 1: K is odd (K to K +1).

Note that «
Q+Zf:% Pz, \) - C

1+C

Pz N K) =
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and
at+q Py V(@) C+ S B @) o

IAAK+1) =
¢(x7 Y + ) 1_"_0
Applying Equation (11), we have
K+1 K+1 K+1
S PE YN =p Y PR N+0-p Y PN
o= K2 k=3 s
- (K)
=p Z P +(1-p) > BN
K+1 k:ﬂ

=p- PE(Jr)l(x)\ )+ Z P(K (x, \).

k= K+3

Then,
(s N, K) — p(a; A, K + 1)
~0 Pl @) O [ZfK P (@) = KL, PE D @, 0)] -
_ 2 2
B 1+C
—q- YT @) - C [ 5., 3) - p-P@W) c
B g
~q- Py (@) C + <1 —p) Pl (@) C
- 1+C
(—a+4) - P30 . .
= <0, (uSing (1 _p) : P@(xa)\) PK+1 ( 7)‘))
1+ C 2
. 1
since q > 5.

Case 2: K +1is even (K + 1 to K + 2).
Note that

q+q- Pﬁﬁfl)( A) - C+Zf+}<+3 PE @ N - C

1+C

O\, K+1) =

and

0+ SR P @) -0

Pz N\, K +2) = e
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As in the first case, we have

K+2 Ko P K+1 il
S PE @) =p- PETN @+ S PETY (@),
o 2 e

Therefore,

;MK +1) — oz M, K + 2)

(q—p)'PgJ”(x,A)'C

= >0,
1+C

since ¢ > Ax + (1 = N\)g =p for all z € [0,1/2) and A > 0.
Case 3: K to K + 2 for odd K.

Combining results from Case 1 and Case 2,

d(a N K) — p(m; A\ K +2) = dp(x; A, K) — d(; A\, K + 1) + (s A\, K + 1) — d(a; A, K + 2)
(—q+%) PET (@, N) - C+ (g —p) - PET(2,0) - C
2 2
1+C
(-p+3) P @ -0
2

= >0,
1+C

ifp=2Ar+(1-A)g<4i.
Case 4: K+ 1 to K + 3 for even K + 1.

Combining results from Case 2 and Case 1,

Ha K +1) — oz A\ K +3) = d(m; A\, K +1) — o2\, K +2) + ¢z A, K +2) — (23 A, K +3)

(¢—p) Pt V@A) -C (=g+3) PV @) -C
2 2

- 1+C + 1+C

We have gl)(w, A) > Pﬁfif” (x, \), so this expression is weakly larger than

2 2

(a+3) PE@N € (@-p) PET@N € (G- PV @) -0

1+C + 1+C - 1+C >0
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when p= Az + (1 —-XN)g < 1/2. O

A.8 Proof of Proposition 5

Proof. To show that \*(¢, K,C) > 1— qu for any ¢, K, C, we prove that ¢,maj(x) does not have fixed
points in [0,1/2] when A <1 — 2—1(1. We have Az + (1 — A)g > (1 — A)g > 1. This means that for K

odd, Zf:(K_H)/Q Pp.(z,A\) > 1/2. For K even, we have q - Pg/s(x, \) + Zf:(K/Q)-H Py(xz,A) > 1/2.

So in both cases, the numerator of ¢,ma;j(z) is at least ¢+ C'/2, which means ¢ maj(x) > qifc/z >1/2
since ¢ > 1/2. This shows ¢,maj(z) > z for every x € [0,1/2].

Next, fix any 1/2 < ¢ < 1 and any A > 1 — 2—1(1. Let 0 < 2/ < 1/2 be any number such that
Ax’ +(1—X)g < 1/2 (such 2’ exists by the bound on \). We find integers K and C so that whenever
K>K,C>C, we get gomai(25q, K,C,\) < 2'. Since 2’ < 1/2 and since ¢oma;(0;q, K,C,\) > 0,
we know that @ymai(+; ¢, K,C, ) has a fixed point in (0,1/2) by the intermediate-value theorem.
This implies \*(¢,C, K) < \.

To construct K and C, let € = 2//2. By the law of large numbers, we can find K so that
whenever K > K, the probability that a binomial distribution with K trials and success probability

Ax’ 4 (1 — XN)g < 1/2 has strictly fewer than K/2 successes is larger than 1 — e. Thus, whenever

K > K, ¢pomai(2';q,K,C,N) < qlf:g . Now, increasing K further if necessary, we can find C' large

enough so that for all C > C, we have qlfg < 2¢. Whenever K > K and C > C, we have

Gymai(2'5q, K,C,\) < 2¢ = 2’ as desired. O

A.9 Proof of Proposition 6

Proof. We first show that we can choose tg(n) such that o™ is an equilibrium for n sufficiently

large and z(n) — T in probability. The main step is the following lemma.

Lemma 6. Suppose A = 0 for the first tg periods and then A = 1 for all subsequent periods. There
exists a number t and a function n(t) so that for any to >t and n > n(ty), o™¥ is an equilibrium
in a society with n agents. Given any e > 0, there exists a number t and a function 7 (t) so that for

any to >t and n > f(tg), we have |x(n) —Z| < € under strategy o™ with probability at least 1 — e.

Proof. We first show the second claim. Let € > 0. When A = 0 in all periods, the function ¢ maj(x)

is constant with value strictly greater than ¢. So there is a unique steady state x > ¢ that is
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informative. We will bound z () — z.

By the Chernoff bound applied to z(t), for any § > 0 we can choose a constant B > 0 such that
2(t) —q| <0

with probability at least 1 — 2e~ 5. So we can choose # such that this holds for all t > ¢ with
probability at least 1 — ¢/4. Now taking ¢ sufficiently small and # sufficiently large (compared to
t'), by the law of large numbers we have |z(tg) — x| < €/2 with probability at least 1 — ¢/2 for any
to > 1.

Now for each ty > £, consider the infinite-horizon stochastic process z(t) that starts with tq
periods of A = 0 and subsequently continued with A = 1 and ¢ = 0™, We know x(t) converges
almost surely as t — oo from Theorem 2.1 of Chapter 2 of Borkar (2023), which applies as in

Proposition 2 because

> =

t=to
We next show the steady state reached is * with probability at least 1 — e.

We can condition on the event |z(tg) — z| < €/2, which occurs with probability at least 1 —¢/2.
We claim that given this event, with probability at least 1 — ¢/2 there do not exist any to > t1 > tg
such that z(t1) > z — €/2 and z(t2) < z — €.

We have ¢!,..;(z) > z (where the superscript on ¢ denotes A = 1) since z > ¢. So shrinking e

if necessary, we can choose § > 0 so that
Grmni (T) > 2+ 6 (12)

for x € [z — ¢, z]. If there exist to > t1 > to such that z(t1) > x — €/2 and x(t2) < z — €, then
increasing t; if necessary we can assume that z(t) < x for all t; <t < t9. (If necessary, increase tg
so that we cannot have z(t) > z and z(t + 1) < z — € when t > ty.)

Applying the Chernoff bound to z(t) again, we can choose a constant B > 0 such that

1 1
xlél[%?i |¢0'maj,z(t) (x) — Yomaj (x)| <9 (13)
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with probability at least 1 — 2e~B* for ¢ sufficiently large. Increasing tg if necessary, we can assume
the inequality (13) holds for all ¢ > to with probability at least 1 — ¢/4. We also condition on this
event.

As in the proof of Lemma 5, we can write y(¢) as

y(t+1) =y@) +h(y(t) + M(t +1),

where h(y(t)) is deterministic and M (¢ + 1) is a martingale. We have |M(¢t)| < 2(C + 1)/t for all

t. So by Theorem C.7 from Appendix C of Borkar (2023), for any o > 0 and any 1,

e B ST
P| sup Z M@)| > a| <A4e Diay HOTVHE (14)
t2€(t1700) i=t1

We have

o=l n(z(t)) — z(t t2—1
3 s (@(t)) —=(t)

z(ty) — z(t1) = + ) M(t+1)

t=t1 t+ 1 t=t1
to—1 to—1 to—1
- x(t —x(t
:Z¢,z(t)(()) Z—()+ZM(t+1)
t=t1 t+1 t=t1 t=ty
to—1 to—1 to—1
1
Z 5. —— -|- Z g + Z M (t + 1) by inequalities (12) and (13)
t=t1
to—1
=3 M(t+1).
t=t1

Recall that x(t2) — z(t1) < —e/2. So given t;, inequality (14) with o = €/2 states that the

probability that
to—1

a(ty) —x(t1) > > M(t+1)
t=t1

€2

TS 16(041)2/42 . .
Zzztl . Increasing tg if necessary, we can assume that the sum of

for any t2 is at most 4e
these probabilities over all t; > t( is at most €/4, proving our claim.
Combining our bounds, we conclude that x(t) > x — € for all ¢ > ty with probability at least

1 — €. Since T is the only steady state in this region, we must have z(t) — T with probability at

least 1 — e. So there is some 7(tp) so that for all n > A(ty), we get |z(n) — Z| < €/2 under strategy
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o™ with probability at least 1 — /2.

To complete the proof, we show the first claim that the majority rule 0™ is an equilibrium when
to and n are sufficiently large. Note that when x(¢) = T, the majority rule gives a strictly higher
payoff than any other pure strategy. By continuity, find € > 0 so that if the event {|z(¢) — Z| < €}
happens with probability at least 1 — ¢, then the majority rule still gives a strictly higher payoff
than any other pure strategy. Using the second part of the claim just proved, find ¢ and 7(t) so
that for any tg > and n > i(ty), we have |2(n) — Z| < €/2 under strategy o™ with probability
at least 1 — €/2. Set t = £. For each ty > ¢, let n(ty) be large enough so that 7(tg)/n(ty) < €/2.
When the total number of agents is n > n(ty), an agent in a uniformly random position has at
least 1 — €/2 chance of being in position 7(tp) or later, and if they are in such positions they have
at least 1 — €/2 chance of facing a current viral accuracy z(t) with |z(t) — Z| < €¢/2 when all others

use the strategy ™. Thus o™ is the agent’s best response. O

We can now complete the proof that we can choose to(n) such that o™ is an equilibrium for

n sufficiently large and z(n) — T in probability. Take any decreasing sequence ) — 0. We will

construct two increasing sequences t(()k) and n(*) inductively. Given t(()l), e t(()m) and nW, ... n(™) we
can apply Lemma 6 to find numbers témﬂ) and n(™*Y go that for témH) and for any n > n(m+1),

m+1) and ™ is an equi-

|z(n) — 7| < ™D under strategy o™ with probability at least 1 — ¢
librium. It is without loss to assume t(()mﬂ) > max{t(()l), ...,t(()m)} and n™ D > max{n® .. n(™}
(increasing them if necessary). Now for each n, find the largest n(®) so that n > n®) and let
to(n) = t(()k) (if n < nM, then set to(n) = 0). This ensures (provided n > n(1)) that for this choice
of tg(n), we have 6™ as an equilibrium and this equilibrium induces P[|z(n) —Z| < ®] > 1 —€®),

We now prove the final statement in the proposition. By Lemma 4, we have T > ¢. Fix any
virality weight A" and state-symmetric strategy o and suppose there is a steady state x* > T with
time-invariant virality weight A" and strategy o. By Theorem 1, we have qbf;/(x) = .

We claim that (ﬁgii‘j/ (z*) > z*. Recall that

_ g+t Yheo Pe(a,A) - [q-Elo (1L k)] + (1 — q) - E[o(—1,k)]]
1+C '

bo ()
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For each k > K/2,
Py, M)l Elo (1, b))+ (1—q) Elo (~1, k)] + P (", N[ Elo (1, K k)] +(1—q) Elo(~1, K~ )]

is maximized by setting o = 0™& because o is state-symmetric and Py(z*, \') > Pg_i(z*, \). This

verifies the claim.

Because x* > ¢, by monotonicity gbc’)maj (z*) is strictly increasing in A and therefore gbgj}j (z) >

qbéii‘j/(:v). Combining our inequalities, ¢ ms;(z) > ¢>=N(x) = z. Since ¢hms(1) < 1, by the

A=1

Cmaj between x* and 1. But this

intermediate value theorem, we must have a fixed point of ¢

contradicts the definition of Z, completing the proof. O

A.10 Proof of Proposition 7

Proof. Suppose

T
1 <1=1-— max _—
Az+(1-N)g<d Pomai (T)

and o* is a limit equilibrium.

By optimality, we must have E[o(1, k)] > E[o(—1, k)] for every 0 < k < K and o(1, K/2)(C) =
1, o0(—1,K/2)(0) = 1 if K is even. So Lemma 3 implies that @yma;(z) < ¢o=(2) for all z < 1.
If z* is a misleading steady state under o* with ¢ fraction of bots, then we must have Ax* +

(1-X)g < 3 and

(1= ) (a) = 2.
Since ¢ymaj(x*) < ¢o= (), this means

*

> 1 ’
t>1— — .
¢0maj (‘T*)
But
<1 T < Gl
L - max _ <1l
)\I+(1—A)q§% ¢o-maj (.T) (bo-maj (:U*) ’
giving a contradiction. We conclude there is no such z*. O
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A.11 Proof of Theorem 3

First, we establish a number of preliminary properties of the model with observable virality from
Section 5. The first result (similar to Proposition 2) shows that given any state-symmetric strategy

o, the induced viral accuracy process x(t) converges with probability 1.

Proposition 8. Given a state-symmetric strategy o, there is a finite set of steady states X* C (0,1)

such that when all agents use o, almost surely x(t) — =* for some z* € X*.

Proof. Suppose all agents use the strategy o. Without loss of generality, condition on w = 1. Let
Y = {y = (x,v,2) € [0,1]}. For each t, let y(t) € Y be defined so that x(t) is the fraction of
positive stories in the viral news pool, v(t) is the size of the viral news pool divided by ¢ - C, and

z(t) is the fraction of positive stories in the regular news pool. We can write

y(t+1) =y(t) +

g e+ D = w0,

where the first coordinate of &(t + 1) is (v(;])(tgjm’g) (1 - ()(t)fmg) x(t) with m being the

number of the C' shared regular stories in period ¢+ 1 that became viral and ¢ the fraction of these
newly viral stories that are positive (when m = 0, the first term vanishes, and we can define ¢ = 1).
The second coordinate of £(t + 1) is v(t) + v(¢ )t+1 (% —v(t)). The third coordinate of £(t + 1) is
(S5 s = 13+ (1= 551 - 2(0),

Write h(y(t)) = E[&(t + y(t)] —y(t) and M(t+1)=&(t+1) —E[&(t+1) | y(t)]. We then

1)
have y(t +1) = y(t) + ﬁ - (h(y(t)) + M(t + 1)), and we note that Theorem 2.1 of Chapter 2 of

Borkar (2009) applies to this process (see Section 2.2 of Borkar (2009)) with stochastic step sizes
provided we can show:

(A1) h is Lipschitz continuous.
(A2) With probability 1, >,

U(i) = oo while Zt t)t W < oo

(A3) E[M(t + 1) | y(t)] = 0 and {M(t)} are square-integrable with E[||M(t +1)|* | y(t)] <
k(1 + ||y(t)||*) a.s. for all t and some & > 0.

(A4) ||y(t)|| remains bounded a.s.

(A2) obtains by law of large numbers and (A4) is clear. For (A3), the martingale property

holds by the construction of M (t) and the remaining properties hold because M (t) is bounded
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(independent of t).

For (A1), the Lipschitz continuity of the second and third coordinates of E[£(t+1) | y(¢)] in y(t)
are clear. For the first coordinate, note that conditional on any m > 1, the expectation E[g | m] is
the inflow accuracy function evaluated at y(t), which is a polynomial function (and hence Lipschitz
continuous) in x(t) and z(t). The distribution of m, the number of shared stories that go viral in
period t + 1, does not depend on y(t). Therefore, the first coordinate of E[€(t + 1) | y(¢)] is also
Lipschitz continuous in y(t).

By Theorem 2.1 of Chapter 2 of Borkar (2009), the y(¢) process converges to a compact con-
nected internally chain transitive invariant set of the differential equation r(¢t) = h(r(t)). This
internally chain transitive invariant set must be a subset of [0,1] x {a} x {¢}, for the law of large

numbers implies that v(¢t) — « and z(t) — ¢ almost surely. For the same reason as in the proof

of Proposition 2, at any point r in the invariant set we have drcllt(t) = 0 when r(¢) = r. But fixing
r2(t) = a and r3(t) = ¢, the values of ri(t) such that drét(t) = 0 are the roots of a non-linear
polynomial, so there are finitely many such values. O

In light of Proposition 8, let 7(- | o) be the distribution over steady states generated by a state-
symmetric strategy . We define the inflow accuracy function ¢,(x) to be the expected fraction of
the C stories shared from the regular news feed that match the state, when current viral accuracy

is  and exactly g fraction of the regular story pool is correct. So,

ey Zreo Sk —o Elor(s, kg, kv)] - Pls | w = 1] - P[Binom(K g, q) = kg] - P[Binom(Kv, ) = ky]
C )

o () =

where E[og(s, kg, kv )] refers to the expected number of positive regular stories shared by the mixed
action o(s, kg, ky).

Since P[Binom(Kg,q) = Kpg] and P[Binom(Kg,q) = 0] are both positive-probability events,
the feasibility of the strategy o implies the strict inequalities 0 < ¢, (x) < 1 for every x € [0, 1]. It is
also clear that ¢, is a polynomial function of its argument. The next result, analogous to Theorem

1, shows that fixed points of ¢, that are stable from at least one side must be steady states.

Theorem 4. We have w(z* | o) > 0 if ¢po(x*) = = and there exists some € > 0 so that either
(a) po(x) < x for all x € (x*,2* +€), or (b) ¢5(x) > x for all x € (z* — €,2"). Conversely, for

x* € [0,1], we have w(z* | o) > 0 only if ¢o(z*) = z*.
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Proof. The proof is similar to the proof of Theorem 1, except we need to account for randomness
in the size of the viral story pool over time and randomness in the number of shared stories that
go viral in each period, and there is a different equation that defines the viral accuracy function.

We say a fixed point z* of ¢,(x) is a touchpoint if there exists € > 0 such that ¢,(z) < z for all
x#x*in (2% — e, 2" + €) or ¢, (x) > x for all z # z* in (x* — €, 2% + €).

Case (i): z* is a touchpoint.

The proof extends the arguments from Theorem 1 of Pemantle (1991). Suppose that ¢,(x) > =
for all x # x* in (z* — €,2* + €). The other case is the same.

Fix w € (0,1) and wy € (w, 3). Choose v > 1 such that yw; < 3. Define g(r) = re(1=")/(2w17),
Then ¢g(1) =1 and ¢’(1) = 1 — 1/(2w1y) < 0, so we can choose 19 € (0,1) with g(rg) > 1. Also
define

T(n) = ent=ro)/(yw1)

Then

g(ro)" = 1T (n)"? > 1.

Choose N such that yr) < e. Since T(1)"?ry = g(r9) > 1, we can find x > 0 such that
T(1)/27X > ry and therefore T(n)/? Xrg™ — oo. Let 7y = inf{j > T(N) : 2(j — 1) < 2* — ¥ <

x(j)}, using the convention that 7,y = —oo if there is no such j. For each n > N, define

Tyl = inf{j > 7, s 2(j) > o* —rig ™},
So 7, is the first time the stochastic process crosses z* — r{.

We will show the probability that 7, > T'(n) for all n > N is positive. Since z(t) — z* from
below whenever said event holds (since x(t) converges with probability 1), this will complete the
case.

We first bound the probability that z(t) is far from g. Define a function

Sser11) Sno SaV_oElo(s, kg, kv)] - Pls | w = 1] - P[Binom(Kg, 2) = kg] - P[Binom(Ky, ) = ky]

bo,z(2) = c

to be the inflow accuracy when a fraction z of past private signals have value 1.

65



We begin by defining an event 4" under which z(¢) is close to ¢ for ¢ sufficiently large and v(t)

is close to « for t sufficiently large. Let %7 be the event that for all n > N and for all t > T'(n),

Go oy (x) — 2 > —1/T(n)"/*7X

on (z* —€,2* + €). Because ¢, .(x) — = is polynomial (in z and z) and is non-negative on this
interval when z = ¢, this holds for |2(t) — ¢| < B/T(n)Y?>X for some B > 0.

Note that the first coordinate of h(y(t)) = E[€(t+1) | y(¢)]—y(t) can be written as E[(%%)

(st+1 — x(t)) | y(¢)], where v(t) is measurable with respect to y(t) and m;41 is independent of ¢ 1.

Therefore we have i (y(t)) = E[;paee— "2 | v(t)] - (¢o,s(0)((t) — 2(t)). Choose € > 0 small

enough so that 0 < a — e < a+ € < 1, and that SuptZN7v€[a_€7a+E]E[m TE < wy/w < 1,

increasing N if necessary. (This is possible because for all v close enough to « and t large enough,

the expectation is close to 1 as E[m¢41/C] = a.) Let D 1= sup;> n vefa—e,atd E[mmt“] Let

%} be the event that |v(t) — a| < € for all t > T'(N).

Suppose events ¢; and €7 hold and 7, > T'(n). Then we have

> )/ (en) )= 3 Bl T )] (0nufelt) - 2(0)] /0(0)

= t) -t 4+ myy1
00 E ’U(t)-t . mt+1 v t
>y ﬁ > [v(t)'Hmt“t tC ) by the definition of €}
= T(F) T(k)<t<T(k+1) v(t) -
>-D- Z log([T(k + zliﬂlsg([T(kﬂ) by the definition of €]
— (1—70 —k(1/2—x)(1—
~_D. ( v 1) (1/2=3)(1=r0)/(yw1)
Z yw1

(15)

1—1rg e~ n(1/2=x)(1-ro)/(vw1)
( ywiy ) 1 — e=(1/2=x)(1=r0)/(yw1)

We define = D - (1 o 4 1) . 1_6_0/2_5(140)/(%1), so that the right-hand side is —pT'(n)~(1/27%),

w1

Let %> be the event that for all n > N and for all ¢ > T'(n),

gba,z(t) (Cl?) -z < w'yrg (16)
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for all x € [z* — yr{,z*]. Because ¢, .(x) — x is polynomial (in z and z) and

d(¢g.q(x) — )

@) —o,

we can choose B’ such that for all n > N we have
bo,2(x) —x < wyry

for z € [z* — yry,x*] whenever |z — ¢| < B'r{ (since we can bound the entries of the Hessian
of ¢y.(z) — z above by a constant on the rectangle [z* — (¥, 2*] x [¢ — 7Y, q + r{']). Because
i > T(n)Y27X, this holds for |2(t) — ¢| < B'/T(n)'/>~X for some B’ > 0.

Define the event ¢ = %1 N€] N% to be the intersection of these three events. The event % holds
when |2(t) — q| < min(B, B')/T(n)"/?> X for all n > N and all ¢t > T'(n). By the Chernoff bound
and the inequalities t > T'(n) and ¢ > 1 — ¢, the probability of |2(t) — ¢| > min(B, B")/T(n)"/?~X is
at most 2e~min(B.B)**/(24*)  §q the probability that the event ¥ does not hold for some n > N
and all ¢ > T'(n) is at most

22 Z 2€—min(B,B’)2t2X/(2q2)'
n=N t=T(n)

For N sufficiently large, this sum is approximately

_L
> L (BEEE) (T i )
X 2q 2x
where I'(s, z) is the incomplete Gamma function. Since I'(s,z)/(z°"1e™®) — 1 as x — oo, this sum
converges to zero as N — o0o. Increasing N if necessary, we can conclude that the event %) N%, has
positive probability. Clearly the same is also true for € N6] N %z, as v(t) and z(t) are independent.
For the remainder of case (i), we condition on this event €.

Now let # be the event {inf;,, z(j) > z* —~r§}. We will bound the probability of this event
conditional on 7, > T(n). Let Zx, = >.7-) M(t + 1) be the sum of the martingale parts of the

stochastic process. Because the differences M (t) are martingales with |[M(t)| < 1/(t- (@ —€) + 1)
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on the event %7, we have

= = 1 2 1
B2} ) = > B0 <3 ) < . (17)
= =\t (a—¢+1 k(a — €)?
We have:
P& |7, > T(n)] = P {igf 2(j) < 2 =y |7 > T@)}
J>Tn
<P |:‘i§1f Zpj < —(y = Dri 4+ puT(n)~ 220 | 7, > T(n)} by equation (15)
J>Tn

<E [szoo ‘ Tp > T(n)} /((y = 178 — uT(n)~1/279)2 by Chebyshev’s inequality
< (=€) 2e M=) (W) (5 — 1)yl — T ()~ (H/27X0) =2

by inequality (17) and the definition of T'(n).

Recall that T'(n)Y/2~Xrg™ — oo, so for n sufficiently large

—(1/2— -1,
(= Lrf = pT ()~ 270 > T

We conclude that

-2
P[#°| ry > T(n)] < (a — )2 (721> g(ro)~2".

This bounds the conditional probability of the event % not holding.
When the event # does hold and 7, > T'(n),
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o(t) -t My
t+myy C

> mooyen-n= Y {E [ 6(0)] - Gorata(8) ~ 2(0) }/(0(8) -1

T(n)<t<T(n+1) T(n)<t<T(n+1)
z(t)<z* z(t)<z*

< Z Dw~yry /(t) by definition of €7’ and equation (16)
T(n)<t<T(n+1)
z(t)<z*
< (log[T(n + 1)] —log[T(n)])(Dwryry)

by the partial sums of the harmonic series

< (Dwyrg)((1 = ro)/(yw1) +1/T(n))

= (Dw/wy)(ry — T‘6L+1) + Dw~yry /T(n).

Now suppose Z holds and 7, > T'(n) but 7,41 < T'(n + 1). Then

Tn+1—1
Zrpirngn = ¥(Tns1) — 2(10) — _Z ha(y(®))/(v(t) - 1)
> #(Tn+1) — 2(Tn) — > ha(y(t))/(v(t) - ¢)
T(n);(i;i(fﬁ-l)

> i — 0T — &, — D(w/w)(ry — 8™ — Dwyry/T(n) by the inequality above and definition of 7,

= Tg(l — ?"0)(1 — D(w/wl)) —&n — Dw'yr(y)l/T(n%

where &, is an error term since z(7,,) may be larger than z* — % and &, = &, +wyrf /T (n). (Recall
0 < D(w/wy) < 1.) Since the error term &, is at most 1/7'(n) and therefore is lower order than r{,

we have B
75 (1—1o)(1 — Dw/wi) — &,
rg (1 —79)(1 — Dw/wr)

—1 (18)

as n — oQ.
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Combining our bounds, we have:

Plrpi1 <T(n+1) |7 >Tn)] <P[B| 1 >T(n)]+

P [93, sup Zr,, j > 1o (1 —ro)(1 = Dw/wy) — &n
j

Tn > T(n)]

E[Z2 |70 > T(n)]
(rg (1 —70)(1 — Dw/wy) — &,)?

<o (151) gtw s

by Chebyshev’s inequality

a2 (1217 gy (a =T
< ( ) ( 5 ) g( 0) + (Tg(l _ 740)(1 — Dw/w1) - gn)Q

by inequality (4)

<o (151) gtw s

o T =r0)(1 = Dwfw) — &

(=) 72((1 = r0)(1 — Dw/wr))g(ro) r8(1 —r0)(1 — Dw/wy)

We claim that the sum of these probabilities converges. The sum of the first terms converges

because g(rg) > 1. For the second term, recall that the fraction Tgfé@?ig&?%ﬁ?ﬁj”

converges to

1. So the sum of the second terms also converges because g(rg) > 1.

We have
Plr, > T'(n) for all n > N| = Plry > T(N)] ﬁ (1 =Plrpt1 <T(n+1) |1 > T(n)]).
n=N

On the right-hand side, each factor in the product is positive and

f: Plrnsr < T(n+ 1) |7 > T(n)]
n=N

is finite. By a standard result on infinite products, this implies the product is positive. So the
probability that 7,, > T'(n) for all n > N is positive, which implies that the probability m(z*|o) of
converging to z* is positive.

Case (ii): There exists € > 0 such that ¢,(z) > = for all x € (z* — ¢,2%) and ¢,(z) < = for all
x € (x*, 2% +¢).

We begin with a lemma, which says that suitably changing a stochastic process away from a
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neighborhood of a fixed point does not affect whether we converge to that fixed point with positive

probability.

Lemma 7. Consider a process y(t) = (z(t),v(t), 2(t)) valued in [0,3]> satisfying the conditions in

the proof of Proposition 8. Suppose

y(t+1) =y(t) + (§(t+1) —y(1)),

o(t )
where the conditionally i.i.d. random variables &€(t + 1) have the same conditional distributions
as €(t + 1) in a neighborhood U of (z*,,q), have the same support as &(t + 1) for all (z,v,z2) €

(0,1)3, have expectations E[g(t + 1)] that are Lipschitz continuous in (x,v,z), and with probability

1%, U(t) 5 = oo while » -, (U GOz < Then x(t) converges to x* with positive probability if and

only if &(t) = y,(t) does.

Proof. The argument is exactly analogous to that of the proof of Lemma 2. O

Now choose £(t) satisfying the conditions of Lemma 7, agreeing with £(t) in the second and
third coordinates, and such that the unique fixed point of the corresponding b (z) is z*. To do so,
choose an open neighborhood U of (z*, a, q) such that x* is the unique fixed point of ¢, (z) with
(z,v,q) € U. Let €(t) = £(t) on the closure U of U. For each (v, z), let £€(t) be constant in z outside
of the neighborhood U.

Then, since we have not modified the process g(¢) in the second or third coordinates, we

continue to have ), ﬁ = oo while Zt tQ < oo with probability 1. Also, £(t) and £(t)

)t
have the same support because conditional on every interior (z,v,z), £€(t) has the same support.
Therefore, making & (t) be constant in = does not affect its support. Lipschitz continuity follows
from Lipschitz continuity of the expectation of &£(¢) in (x,v, z), which we checked in the proof of
Proposition 8.

Since z* is the unique fixed point of ¢,(x), by the same argument as in Proposition 8, we have

#(t) — x* almost surely. Note that this step uses Lipschitz continuity of E[£(t+ 1)]. So by Lemma

7, x(t) — x* with positive probability. O

Finally, we need the following lemma to relate the inflow accuracy function induced by some

strategy o* and viral accuracy process induced by strategies sufficiently close to o*.
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Lemma 8. Foreaché e’ > 0p € (0,1), strategy o with ¢+ (x)—x > 2€" for every x < p+2€’, there
is some N and 6 > 0 so that for every o with || o — o™ ||2< §, we have Pyz(t) > p+€/2] > 1 —€"

for everyt > N.

Proof. Let . (z) i= Dse(-11) Zflﬁzo ZkK‘y:oE[”(Svk‘R,kv)]'P[Slgil]']P’[Biﬂom(Ksz):’fR]'P[Binom(Kvw):kv}.

Because ¢, () is polynomial in z, o, and x, there exists § > 0 such that ¢, .(x) — 2z > € for every
x <p+¢€ when ||o* — o2 < d and |z — ¢q| < 4.

For the remainder of the proof, fix ¢ in this neighborhood. We will observe at the end of the
proof that the bounds we will prove are uniform in the choice of o.

Let p’ > p+ € be the largest number in (0, 1) such that
to(x) — 2 >€/2 (19)

for all x < p'. Let N1 < Ny be positive integers with Ny > bN; for some integer b > 1. We will
first show that for N7 and Ny large enough, the probability that x(t) < p’ for all ¢t € [Ny, No] is
small. We will then show that if x(¢1) > p’ for some N; < ¢; < Na, then the probability that
z(N2) < p+ €/2 is small.

By the Chernoff bound applied to z(t) and compactness of the set of strategies o under consid-

eration, we can choose a constant B > 0 independent of ¢ such that

Jax |60, (®) = 9o ()] < € /4 (20)

with probability at least 1 — 2e=5! for ¢ sufficiently large.
Make € smaller if necessary so that 0 < a — ¢ < a+ € < 1. For constants T, D > 0, define the

event
t My

¢ = inf E > D and t)—al <.
M e o 17 P g0 mal <€

Since v(t) — « almost surely and since this process is unaffected by o and independent of x(t), z(¢),
we may find 7', D > 0 independent of o such that P[¢] > 1 — €"/2.

Recall that we can decompose y(t) as

y(t+1) =y(t) +



where h(y(t)) is deterministic and M (¢ + 1) is a martingale. As in the proof of Theorem 4,

I (y(1) = Bl e — "2 [ 0(t)] - (@0,z(0)(2() — (1)) Also, we have [M ()] < 1/(t- (a— ) +1)

ttmyga

for all ¢ > T on the event €. So by Theorem C.7 from Appendix C of Borkar (2023), for any 5 > 0

and any t; and to,
52

t N2 —en2/:2
> ﬁ) < e ity M@ (21)

P| sup
(tl <t<ts Z

1=t

M(5)

Consider the event E that x(t) < p’ for all Ny <t < N,. Suppose inequality (20) holds for all

N7 <t < Ny and condition on the event 4. Then we have, when Ny, Ny > T,

Na—1 No—1
AN = N v(t) -t mua o Geee (@) — () R
(No) — (V1) = tZNl]E[U(t) t+myn O [o()] o(t) -t +tZN1 M(t+1)
R t M1 Do) (2(1) — Po(2(t)) | Bo(x(t) — 2(t)
- tglE[v(t) o s c |v(t>]{ t * t }+ > M
N271 1 Ngfl
> Y D-e’/4-z+ 3" M(t +1) by inequalities (19) and (20)
t=N1 t=Ny
No—1
> D(€'/4)(log(N2) — log(N1)) + > M(t+1).
t=N1

When event E holds, the right-hand side must be at most p’. Taking b and therefore No/N;

sufficiently large, we can assume that
D(€'/4)(log(N2) —log(Ny)) > 2p'.

By equation (21), the absolute value of the sum of martingales is greater than p’ with probability

at most
. "2

2 .
i, (M (@=en?/i2

4e

_ (') Ny Ny )N
< de 20/(@=e)Z-(Na=N1) < 4e 20/(a=0)?

Along with the Chernoff bound, this gives an upper bound on the probability of event F given % .
If event F does not hold, there exists some Ny < ¢ < Ny such that z(¢) > p/. Choose ¢ so that
t; — 1 is the largest such t.

Suppose z(N3) < p+ € /2. For Ny sufficiently large, this implies t; < Nj. So we must have

2(N2) —a(tr) < ((p+€/2) —p) < =€
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On the other hand, when inequality (20) holds for all Ny < ¢t < Ny and conditional on ¢, for

N1, Ny > T we have

N1 ’U(t ’t met1 ¢U,Z(t)(x(t)) —.'L'(t) et
2(Ny) — x(th) tztjl Bt mng ¢ YO O + t;l M(t + 1)

Nz—1 2(8) — b (z 2(4) — z Nz—1
.S E[v(t)~tt+ ) (%,zm( () = 0e®) | oolatt) <t>> S

t=t1
Na—1 1 Nt
> Z D-é/4-- + Z M (t+ 1) by inequalities (19) and (20)
t=t1 t=t1
Na—1
> D - (¢'/4)(log(N2) — log(t1)) + > M(t+1).

t=t1

Applying equation (21) with 5 = €, the absolute value of the sum of martingales is greater than €

with probability at most

(¢H?

No a—e))2/i _M
Lo E 1/ (a=e)) /i2 < 4e 20/(@=e)?

When this does not hold and the Chernoff bounds apply, x(N2) — z(t1) is greater than —¢ and
therefore 2:(Ny) > p+ €'/2 if Ny is sufficiently large. This gives an upper bound on the probability
that x(Ng) < p+€/2.

We conclude that

®)2N; N2—1 )2t N2—1
P,[x(No) <p+€/2| €] <4de S/ 77 + ) de W@ 42 Y e
t=N1+1 t=N1

for N7 sufficiently large. Because the second and third terms are geometric series, we can choose
N sufficiently large so that the right hand side is less than €”/2 for all No > bN;. We can make
this choice uniformly in o (subject to the constraint ||c — o*[|2 < §). Since P,[¢] > 1 — €’/2, for
Ny sufficiently large, we have

Polz(t) >p+¢€/2] >1—¢€"
for t > N = bMN;. ]

Finally, we present the proof of Theorem 3.
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Proof. Step 1: There exists Ky so that whenever Ky, > Ky, there is no limit equilibrium where
all steady states are strictly larger than q.

Let 1/2-+n be the probability that P[Binom(Kgr,1—g) > C], so we have > 0 by the hypothesis.

Find K{, large enough so that {0.577 : K(/J > Kr+1. By Chebyshev’s inequality, find K{, large
enough so that P[Binom(K{,0.5+0.57) > K{.-(0.5+0.257)] > 1 —0.57. Let Ky = max(K{,, K{/).

For Ky > Ky, in any limit equilibrium o* where ¢* follows the majority of the viral news
feed whenever there is a consensus of size larger than 0.5 + 0.257, there is a misleading steady
state. To see this, we bound ¢,+(0.5 — 0.57). Since Ky > K, there is more than 1 — 0.57
chance that there are more than 0.5 + 0.25n fraction of wrong stories in the viral news feed.
When this happens, ¢* must share C' wrong stories from the regular news feed in the event that
there are at least C' wrong stories there, which happens with probability at least 1/2 + 7. So,
¢o+(0.5 —0.51n) < 0.5n+ (1/2 —n) = 0.5 — 0.5n. As ¢s+(0) > 0, ¢»+(0.5 — 0.517) < 0.5 — 0.5n, and
¢o+ () is a polynomial function, we conclude there must be a fixed point in (0,0.5 — 0.57) that is
stable from both sides. This fixed point is a steady state by Theorem 4.

It now suffices to show that in a limit equilibrium ¢* where Ky > Ky and all steady states are
strictly larger than ¢, the equilibrium strategy follows the majority of the viral news feed whenever
there is a consensus of size larger than 0.5 + 0.25n. Because the lowest steady state induced by o*
is strictly larger than ¢, we may find ¢ > 0 so that ¢o«(z) — x > 2¢€ for every x < g+ 2¢. Let
O be the finite class of all observations where there is a majority of size at least 0.5 + 0.257 in
the viral news feed. For each o € O, if the agent has a prior belief about the distribution of viral
accuracy that assigns probability 1 to the segment [¢ + €//2,1], then the posterior belief assigns
probability strictly more than 0.5 to the state of nature matching the viral news feed majority.
This is because Ky > K v (so [0.5n- Ky ] > Kg + 1) and because viral news feed stories are more
precise than regular news feed stories. By continuity of Bayesian updating, the same must also hold
when the prior assigns probability less than h, > 0 to the complement of the segment [¢ + € /2, 1].
Let h = minyeo hy > 0. Applying Lemma 8 with €, ¢/ = h/2, and p = ¢, we find N and § > 0
such that for every o with || 0 — 0™ ||2< d, we have P, [z(t) > ¢+ € /2] > 1 — h/2 for every t > N.
In the sequence of converging equilibria ) — ¢*, eventually || ) — ¢* ||z< 6. Also, the number
of agents grows so that eventually, N/n; < h/2. So in equilibria o) with large enough 7, agents

(who have uniformly random beliefs about their location in the sequence) have prior beliefs about
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viral accuracy that assign probability more than 1 —h to [¢+ ¢/ /2,1]. So 0@ follows the viral news
feed majority for all observations in @. The same must then hold for the limit o*.

Step 2: There is no limit equilibrium where 1/2 is a steady state.

We will first define an important class of strategies. For a strategy o and for 0 < kp < Kpg, say
o (i, kR, ky) is mazimally negative if it is sharing as many negative stories from the regular news
feed as possible, mazimally positive if it is sharing as many positive stories from the regular news
feed as possible, and strictly mizing if it is neither maximally negative nor maximally positive.
Say a strategy o is a cutoff strategy if for every fixed ky, there exists a cutoff x € {0,1,2, ..., K}
so that o(s;, kg, ky) is maximally negative whenever kr + 1{s; = 1} < &, maximally positive
whenever kg + 1{s; = 1} > &, and it is not the case that o(s;, kg, ky) is maximally negative for
every kg, s; pair such that kg + 1{s; = 1} = k. So the cutoff x(ky) is the minimum required
number of positive signals of precision ¢ to switch the strategy from being maximally negative to
either being maximally positive or mixing between the two kinds of stories, after the agent sees ky

positive stories in the viral news feed. When x = 0, the strategy o(-, -, ky) is maximally positive
for all realizations of s; and kgr. When x = Kp, the strategy o(-,-, ky) is maximally negative for
all realizations of s; and kg.

We need the following lemma:

Lemma 9. Fvery limit equilibrium is a cutoff strategy.

Proof. Consider any converging sequence of equilibria (¢()), where the equilibrium o) is for a
society with n; agents and n; — oo. In the society with n; agents, suppose the agent observes viral
news story realizations s, ..., s}/(v and 1 < k < K + 1 total positive stories out of the regular news
story feed and private signal. We show that for all j large enough, the posterior belief in {w = 1}
following this observation is strictly higher than that following the same observation but with only
k — 1 positive stories in the regular news feed and the private signal. This would show that o7 is a
cutoff strategy for all j large enough, which means the limit must also be a cutoff strategy.

For any sufficiently small € > 0, the probability that (z(7), (7)) at a uniformly random position
7 in equilibrium o) is in [e,1 — €] x [¢ — €,q + €] converges to 1 as j — oco. This is because
¢o(x) — x is uniformly bounded above 0 for all z close enough to 0 and ¢,(x) — = is uniformly

bounded below 0 for all x close enough to 1, across all strategies, so applying Lemma 8 shows
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that Py [z(7) € [e,1 —€]] = 1 as j — oo if € > 0 is small enough. The fact that we must have
P ilz(T) € [¢ — €,q+ €]] = 1 as j — oo follows from the law of large numbers.
Let A be the event that (z(7),2(7)) € [,1 — €] x [¢ — €,q + €]. Let fU)(z]|A) be the discrete

distribution of viral accuracy in society j at a random position, conditional on the event A. Also

using the fact that z(7) € [q — €, ¢ + €] conditional on A, we get

P,;[sY, ...,s%v,k,A | w=1]

= 1{sV =1} 1{sV =—1} .5
SPlAlw=1]- (4= (1 =g [ [[ 0T o)t TN A 22)
ky=1

P,;[sY, ...,s%v,k,A | w=—1]

v 1{sY =1} 1{s¥Y =—1} .4
<Pl fw=—1-(1=g+0" @+ * [ [] (=) *h™ 0=V pi | Ay, (23)
ky=1

Paj[sy,...,sﬁv,k —1,A|w=1]
v 1{s¥ =1} 1{s¥Y =—1} ,;
<Poldw=1]-(g+9" - (1 =g+ [ [ 2!C0 T 1) P i | Ay,

ky=1

(24)

P j[SY,...,SY(V,k*].,A | w=—1]

g

Xy 1{s¥ =1} 1{s¥ =—1} ,;
>P,i[A ]w:—1]'(1—q—e)k*1-(q—e)K*kH-/ H (I—z) " g W (g | A)da.
ky=1

(25)
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We have

Pi[sY,... s% k|lw=1]  P,s},.. s}? k—1|w=1] (26)
Pi[sY,... SK,k:\w——]P sV, ... sK,k l1|w=-1]
PUJ[SY,...,SKV,k Alw=1+Py[s}, ..., s}/ﬁ/?k A lw=1] (27)
“P,[sY, - S k= LA w=1+Py[sY,..,s% k= 1,4° |w=1]
XIP’ st sie, k=1L A|w==1]+Pyls),..,s , k—1,A° | w = —1] (28)
Poilsy s s sk, s by Al w = =11+ Poylsy .o sk by A° | w = —1]

Using (22) and (24), the term (27) is at least

v o _ v o__ .
(q — e) (1-¢q-— e)K k{]P’U; [Alw=1] fHk 71231{5,“/71} -(1- x)l{s’“ - 1}fj(ac | A)dz} +P,; [s}/, ...,s}?v,k,Ac | w=1]

1{sV = Sy :
(q+F 11— g+ K F+1{P[A | w=1] [TE_ 2" 0™ (1 = 2) 0= fi(a | A)da} + PoolsY sl b — 1,4 |w = 1]

For € > 0 small enough, we have (g —¢)¥- (1 —q¢— €)K% > (g+e)*¥ 1. (1 — g+ ¢)X~F+1 and also
P i[A|w=1]- fHkazl L= (1- :c)l{s’“v 1}fJ (x| A)dx is bounded away from 0 across all
j. Also, for any € > 0, P_;[s], ... sKv,k A¢|w=1] = 0and P,;[s},... s‘l/(v,k:—l,Ac|w:1] —0
as j — oo. This shows that for all € > 0 small enough, the term (27) is strictly larger than 1 for
all large enough j. We can similarly use (23) and (25) to show that for ¢ > 0 small enough, the
term (28) is strictly larger than 1 for all large enough j. Thus we conclude for all large enough j,

ERRR) v k=1 1
/5 [[81 ey AT s meeded. O
o

sl, ,s‘}/{ Jk—1lw=—1]

aj[817 ’sxvzk‘w 1}

][81, 73‘;/( 7k|w_71}

In any limit equilibrium, since ¢* is the limit of cutoff strategies, * must be a cutoff strategy.
In a steady state with viral accuracy 1/2, the distribution of stories in the viral news feed is the
same conditional on either state of the world. For any fixed realization of the viral news feed, the
expected number of positive regular news stories shared by o* is weakly increasing in kp+1{s; = 1}.
In fact, it must be strictly increasing somewhere, since ¢* shares zero positive regular stories when
kr = 0,s; = —1 and shares C positive regular stories when kr = Kgr,s; = 1. Since ¢ > 1/2, the
distribution of kg +1{s; = 1} in the state w = 1 first-order stochastically dominates its distribution
in the state w = —1. Thus, the number of shared positive regular news stories is strictly positively
correlated with w, so ¢,+(1/2) > 1/2.

Step 3: There is no limit equilibrium where all steady states are strictly larger than 1/2 but
not all steady states are strictly larger than q.

By way of contradiction, suppose such a limit equilibrium ¢* exists whose lowest steady state

78



is p with 1/2 < p <gq.

An implication of Lemma 9 is that ¢* is a cutoff strategy. We can show that it also has more
structure. When ky > Ky /2, we must have k < [%W When ky < Ky /2, we must have
K > [%W . When ky = Ky /2, the cutoff is k = [%W . To see why the first restriction holds
(the other ones are symmetric), note that if an agent’s belief about the distribution over viral
accuracy puts probability 1 on the segment [1/2 + €'/2,1], the agent must think w = 1 is strictly
more likely when there is a strictly majority of positive stories in the viral news feed and a majority
of positive stories among the private signal and the regular news feed stories. Thus, such an agent
would use a cutoff no larger than [@W By an argument using Lemma 8 similar to the one in
Step 1, we can show that in the converging sequence of equilibria /) — ¢*, the same also holds
for o\@) for all j large enough.

Now consider ¢,(p) for various cutoff strategies o. This accuracy is maximized by a cutoff
strategy that computes the Bayesian posterior probabilities of the two states of nature after every
observation (treating stories in the viral news feed as signals with precision p) and maximally
shares the stories in the direction of the more likely state. Let the optimal cutoff after seeing ky
positive viral news feed stories be /{Zﬁ . We argue that accuracy after seeing ky positive viral news
feed stories is single-peaked in cutoff choice, with the peak at Kzst. For k' > stt, compare the
behavior given by the cutoff " and the cutoff s’ + 1. These two cutoffs imply the same behavior for
kr+1{s; =1} > k'+2 and kr+1{s; = 1} < ¥’ —1, and thus have the same accuracy in those cases.
When kg + 1{s; = 1} = ¥’ + 1, the state {w = 1} is strictly more likely since ¥’ + 1 > stt. Using
the cutoff k' leads to maximally positive sharing in this case, which cannot be improved. When
kr+1{s; = 1} = ¥/, the state {w = 1} is weakly more likely since r’ > /{Zf’/t. Using the cutoff £+ 1
leads to maximally negative sharing in this case, which cannot be made worse. This comparison
thus shows the cutoff x” must generate weakly higher accuracy than cutoff '+ 1. Similarly, we can
show that if k < /-@Z?/t, then cutoff £ generates weakly higher accuracy than cutoff x — 1.

This shows the number of correct stories shared by ¢* at viral accuracy p and conditional on
some number ki of positive viral news feed stories is bounded by the conditional accuracy of the
two extremal cutoff behaviors. For ky > Ky /2, we know that the cutoff used by o* is between 0

and [%W , which respectively correspond to always maximally sharing in the positive direction

and always following the majority among the private signal and the regular news feed stories. The
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conditional accuracy of the cutoff strategy with cutoff [LR;IW

is the accuracy of the majority
among Kpr + 1 signals of precision g, which is some number strictly higher than q.

We now bound the conditional accuracy of the cutoff strategy with cutoff 0. The conditional
probability of {w = 1} given ky > Ky /2 positive viral news stories is some number p’ > p > 1/2,
with p’ > p if ky > (Ky/2) + 1. Consider the jth regular news story shared for 1 < j < C. This
will be positive, except when kg < j — 1. The event {kr < j — 1} happens with some probability
¢’ when w = 1 and some probability ¢ when w = —1. The probability that the jth regular story
shared matches the state is therefore p' - (1 — (') + (1 —p') - (".

For p’ < g, this expression is no smaller than p’. This is because j < C < Kpr/2, so we have
¢'/¢" < (1 —q)/q which implies (" > qu ’. Making this substitution we find that accuracy is no
smaller than p’ + ¢’ - (1%(1 (1=p)=p)=p +- (l%q(l —q) —q) = p', where we used p’ < ¢ in
the last inequality.

As p’ increases beyond ¢, the expression is bounded between its value when p’ = ¢ and its
value when p’ = 1. The former is at least p’, and the latter is 1 — ¢’. But {’ is no larger than the
probability that the regular news feed majority is wrong, which is 1 — ¢” for some ¢” > ¢. Hence,
1—¢">¢". So for any value of p', p' - (1 —{') + (1 = p') - " > min(p’, ¢").

Thus, the conditional accuracy of the o* strategy given any ky > Ky /2 is bounded below by
min(p, ¢") (since p’ > p whenever ky > Ky /2), and it is bounded below by some min(p’, ¢”) for
p' > pfor any ky > Ky /2+1. An analogous argument applies to the case of ky < Ky /2. So overall

the average accuracy of this strategy is strictly higher than min(p, ¢”) > p. This is a contradiction

as it shows ¢y=(p) > p. O

B Details of the Equilibrium Simulations for A\ > \*

In these simulations, we fix virality weight A = 1, story precision ¢ = 0.55, and sharing capacity
C = 3. We consider three different values of the news-feed size, K € {6,8,10}.

For each of these three parameter specifications, we first consider all candidate symmetric pure-
strategy limit equilibria. Under any symmetric pure strategy, the likelihood ratio of w = 1 to
w = —1 after observing k = K/2 positive news-feed stories is 1, whereas the likelihood ratio after

observing k = K/2+ 1, K/2+ 2, ..., K positive stories is the reciprocal of the likelihood ratio after
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observing K — k such stories. For each k € {K/2+1,..., K}, the likelihood ratio falls into one of

the following three cases: (1) between % and %q, so it is optimal for the agent to follow their

private signal; (2) below %q, so it is optimal for the agent to share as many negative stories as

possible; (3) above %q, so it is optimal for the agent to share as many positive stories as possible.
Each of the 35/2 assignments of these three cases to various values of k € {K/2+1,..., K} implies
a best-responding strategy, and we conduct 5,000 repetitions of a numerical simulation with 5,000
agents to check whether the likelihood ratios of the various observations generated by this strategy
indeed belong to the same cases. In this way, we find no pure-strategy limit equilibrium for K = 6
and K = 8, and we find one pure-strategy limit equilibrium as described in the main text.

We next look for symmetric mixed-strategy limit equilibria with the following structure: the
likelihood ratio after observing K /2+1 positive stories is exactly equal to 1%’(1, whereas the likelihood
ratio after observing k > K /2 + 1 positive stories is strictly above l%q. This requires the agent to
follow their private signal with some probability p € [0, 1] when they see K/2+1 positive stories. For
each of K € {6,8,10}, we consider all mixed strategies with the values p = 0, 0.05,0.10, ...,0.95, 1.0.
For each such mixed strategy, we conduct 10,000 repetitions of a numerical simulation with 10,000
agents. These simulations suggest that no such mixed equilibria exist for K = 10, for the likelihood
ratio associated with a news feed with 6 positive stories is always significantly below ﬁ for any
p in the grid we considered. For K = 6 and K = 8, we instead find that the likelihood ratio
associated with a news feed with K /2 + 1 positive stories is below 1%(1 for low values of p but
above %q for high values of p, suggesting the existence of a mixed limit-equilibrium. Zooming
in on the segment p € [0,0.4] for K = 6 and the segment p € [0.6,1] for K = 8, as suggested
by the initial set of simulations, we conduct further simulations with the values of p on a grid
with width 0.02. For each strategy, we conduct 30,000 repetitions of a numerical simulation with
20,000 agents. These simulations allow us to estimate the equilibrium in a society with ¢ agents for
each t € {200,201, ...,20000} by linearly interpolating the value of p that would set the likelihood
ratio of an observation with K /2 + 1 positive stories to be exactly 1%’(]. These estimated mixing

probabilities in finite-society equilibria are shown in Figure 4 (solid curves).

Then, to estimate limit equilibria, we use non-linear least squares to fit a rational function of

at+b
ct+1

the form t — to approximate the equilibrium mixing probability p; in a society with ¢ agents.

The best-fitting rational functions are shown as dashed curves in Figure 4, which fit very closely
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Equilibrium as Number of Agents Grows (K=6) Equilibrium as Number of Agents Grows (K=8)
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Figure 4: Estimated equilibrium mixing probabilities for different population sizes (solid curves)
and estimated rational function (dashed curves).

to the estimated mixing probabilities. We divide the estimated coefficients a and ¢ in the rational
function to estimate limy_,o, p;. This procedure estimates lim; o, pr = 0.192605 for K = 6 and
limy o0 pr &~ 0.7211451 for K = 8. The inflow accuracy functions of these two limit strategies in
their respective environments are plotted in Figure 5. For K = 8, the misleading steady state
resembles a touchpoint.

Finally, we conduct a final set of numerical simulations to estimate the long-run distribution of
viral accuracy under the limit equilibrium strategies. For each of K = 6,8, 10, we conduct 10,000
repetitions of a numerical simulation with 40,000 agents, using the estimated limit equilibrium
strategies. The distributions of viral accuracy by period 40,000 are shown in Figure 6, where we
see faster convergence to a steady state for the K = 10 pure-strategy limit equilibrium than the

K =6 and K = 8 mixed-strategy limit equilibria.
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Fraction of Incoming Score in Correct Stories
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Figure 5: Inflow accuracy functions of the estimated limit equilibria.
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Viral Accuracy by t=40000 Under Limit Equilibrium (K=6)
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Figure 6: Distributions of viral accuracy by period 40,000 under estimated limit equilibria. Each

histogram shows results from 10,000 simulations.
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